JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 15, Number 1, Spring 2003

SOLVABILITY AND SPECTRAL PROPERTIES
OF INTEGRAL EQUATIONS ON THE REAL LINE:
II. LP-SPACES AND APPLICATIONS

TILO ARENS, SIMON N. CHANDLER-WILDE, KAI O. HASELOH

Dedicated to Professor Ian Sloan on the occasion of his 65th birthday.

ABSTRACT. We consider the solvability of linear integral
equations on the real line, in operator form (A — K)¢ = 1,
where A € C and K is an integral operator. We impose
conditions on the kernel, k, of K which ensure that K is
bounded as an operator on LP(R), 1 < p < oo, and on
BC(R). We establish conditions on families of operators,
{Ky : k € W}, which ensure that if A # 0 and \¢ = Ky¢
has only the trivial solution in BC(R), for all k € W, then
for 1 < p < oo, (A= K)¢ = 9 has exactly one solution
¢ € LP(R) for every k € W and ¢ € LP(R). The results
of considerable generality apply in particular to kernels of
the form k(s,t) = k(s — t)z(t) and k(s,t) = k(s — t)2(s, 1),
where x,%& € LY(R), z € L®(R), 2 € BC(R?) and &(s) =
O(s7?) as |s| — oo, for some b > 1. As a significant
application we consider the problem of acoustic scattering
by a sound-soft, unbounded one-dimensional rough surface
which we reformulate as a second kind boundary integral
equation. Combining the general results of earlier sections
with a uniqueness result for the boundary value problem,
we establish that the integral equation is well-posed as an
equation on LP(R), 1 < p < oo, and on weighted spaces of
continuous functions.

1. Introduction. We consider in this paper integral equations of
the form

—+oo
(1.1) A6(s) —[ k(s,0)6(t) dt = ¥(s), s €R,

where A € C, the functions k : R? — C and 1) are assumed known and
¢ is the solution to be determined. Define the integral operator K by

+oo
(1.2) Kw(s):/ k(s,t)0(t)dt, seR.

— 00
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Then (1.1) can be abbreviated in operator notation as
(1.3) (A= K)o = 1.

We assume throughout that k is (Lebesgue) measurable and that the
following assumptions on k hold:

+oo
A. sup/ |k(s,t)| dt < 0.
s€eR J—o00

“+ o0
B. Forallse R,/ |k(s,t) — k(s',t)|dt — 0, as s’ — s.

Assumption A ensures that K is a bounded operator on L>°(R). (As
usual, LP(R), 1 < p < oo, denotes the Banach space of measurable
functions ¢ : R — C for which |¢|P is integrable, 1 < p < oo, ¢ is
essentially bounded, p = co0.) Assumptions A and B together ensure
that K : L°(R) — BC(R) and is bounded, where BC(R) C L*(R)
is the subspace of functions bounded and continuous on R.

For much of the paper we will make the following stronger assumption
than A:

A’. For some k € L'(R),
ks, < ls(s— )], steR.

Assumption A’ implies that, by Young’s equality, K : L?(R) — LP(R).
and is bounded, for 1 < p < oo, with norm || K| < ||&]|1.

A main concern of this paper is to study the solvability of (1.1) as an
operator equation on LP(R), 1 < p < oo, and other function spaces.
Let Y denote any one of these function spaces. Then a main aim of
the paper is to establish conditions, sufficiently explicit that they can
be checked in applications, which ensure that (1.1) has exactly one
solution ¢ € Y for every ¢ € Y. In terms of our operator notation, the
aim is thus to seek conditions which ensure that (A — K) : Y — Y is
bijective, in which case (A — K)~!:Y — Y exists and, by the Banach
theorem, is bounded. Thus the paper contains results giving conditions
which ensure, for specific function spaces Y, that (A — K)~! € B(Y),
the set of bounded linear operators on Y.

Given a Banach space Y and A € B(Y), let ||A|ly denote the norm
of A: Y =Y, Ry(Ad) := {A € C: (A= A)~! € B(Y)}, and
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let £y (A) := C\ Ry(A) denote the spectrum of A € B(Y). Let
¥4 (A) C Xy (A) denote the point spectrum, the set of eigenvalues of
A, in other words the set of A for which (A—A) : Y — Y is not injective.

In terms of these definitions and supposing that K € B(Y), clearly
(1.3) has exactly one solution ¢ € Y for every ¢ € Y if and only if
A ¢ Yy (K). A second aim of the paper, clearly related to the first aim
mentioned above, is to shed light on the relationships between Xy (K)
and X4, (K) and between Xy (K) and Xz (K) for various function spaces
Y and Z.

For the special case satisfying A’ and B, of the convolution inte-
gral equation on the real line, when k(s,t) = x(s — t), s,t € R, with
x € L*(R), the questions considered in this paper are already well un-

derstood. For brevity, in the remainder of the paper, let us abbreviate
LP(R) by L? and BC(R) by X. Then, in particular [24],

(14) B (K) =Ex(K) = {0} USK(K) = {0} U{A() : £ € R},
for 1 < p < oo, where (&) = fjooj k(t)e€tdt, € € R, is the Fourier

transform of k. A large part of the argument in this paper can be
viewed as an attempt to investigate in what way the equation

L (K) = Xx (K) = {0} U XL (K)
generalizes to cases where the kernel k(s, t), while not an L! convolution
kernel, is bounded by such a kernel, satisfying A’.

In Section 2 we review results drawn from Part I of this study [6]
which are essential for the arguments we make in later sections. The
earlier paper considers the solvability of (1.1) in BC'(R) and in weighted
spaces of continuous functions, defined for a > 0 by

(1.5) Xo={pe€X:¢(s)=0(s),|s| — o0}.

X, is a Banach space under the norm || - ||x,, defined by ||¢||x, =
lpwa || oo, where wg(s) = (14 |s])*. Tt is shown in [9] that, if k satisfies
A" and B and

(1.6) K(s)=0(s7"), |s| — oo,

for some b > 1, then K € B(X,) for 0 < a <b. A main result of [6] is
that these same assumptions ensure that

(1.7) Sx, (K) = Ex(K), 0<a<b.
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In Section 2 we also review results in [6] on the relationship between
Y x(K) and X% (K). It is shown in [15] that, if for some r € R\ {0},

(1.8) k(s+rt+r)=Fk(s,t), steR,

and A and B hold, then

(1.9) Sx(K) = T4 (K) U {0},

It is easy to see that (1.8) is equivalent to the operator equation
(1.10) T.K = KT,

where T;. is the translation operator defined by

(1.11) T(s)=v¢(s—r), seR.

Obviously (1.8) and (1.10) hold for all » € R in the case when
k(s,t) = k(s —t).

But (1.9) certainly does not hold for all kernels satisfying A and B.
As an example, (1.9) does not hold in general for the Wiener-Hopf
cases,

k(s—t) seR, t>0,

1.12 k(s,t) =
(1.12) (s,1) {0 seER, t <0,

with x € L' [24, 27].

However, the following result, which may be viewed as a generaliza-
tion of (1.9) is shown in [18]. Denote the integral operator K by Kj
to indicate its dependence on its kernel k, and let W denote a family
of kernels which satisfy A and B uniformly and have the translation
invariance property, cf. (1.10), that

(1.13) {TTI(;c ZkEW}:{KkTT ZkEW},

for some r € R\ {0}. Then, provided W also has certain compactness
properties (explained in Section 2, see Theorem 2.1 below) with respect
to the o-topology proposed in [18], it holds that

U Sx (&) = {0y u | SK(Kx) = S5 ().
kew kew
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Moreover, for A ¢ X5 (W), it holds that

sup ||(A — Kk)71||x < 00.
keW

We note that the idea of considering a family of operators satisfying
A and B uniformly and having the property (1.13) derives from an
analysis of the finite section method for the Wiener-Hopf cases (1.12)
in Anselone and Sloan [1, 2].

In Section 3 we obtain solvability results in LP-spaces via the solv-
ability results in BC(R) and in weighted spaces of [6], summarized in
Section 2, and via a consideration of properties of the adjoint operator
KT with transposed kernel k7', defined by

kT (s,t) :=k(t,s), s,t€R.
Generalizing (1.12), in Section 3.1 we consider kernels of the form
(1.14) E(s,t) = k(s —t)z(t),

for some k € L', z € L™, so that K = KM, where K is the convolution
integral operator with kernel k(s — t) and M, is the operation of
multiplication by z. In the case that  is even, we show that, cf. (1.4),

Sre(KM,) € £11(KM,) = Sp (KM,) = Sx (KM.),

1 < p < oo. In the case that V' C L is weakx-sequentially com-
pact and has certain translation and reflection invariance properties,
specified in Corollary 3.11 below, we show that

(1.15) U S (kM) C {0} u [ SR(KM.), 1<p< oo,
zeV zeV

with equality in (1.15) for p = 1,00. As an interesting example which
arises in an application to an elliptic boundary value problem, (1.15)
holds for the case when V = {z € L™ : ess.trangez C Q} with @ C C
compact and convex.

In Section 3.2 we consider a more general class of kernels but with
conditions which exclude the case (1.14) if z ¢ X. We suppose that W
has the translation invariance property (1.13), for some r € R\ {0},
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and that W and W7 := {kT : k € W} satisfy A’ and B uniformly
with respect to k and are sequentially compact with respect to the
o-topology introduced in Section 2. Our main results are similar to
(1.15), but obtained by substantially different arguments, in particular
using additional results from Section 2. We show in this case, provided
(1.6) holds for some b > 1, that

(1.16) U Bee(Ke) {0} U | 2% (K).
keWw keWw

Similarly to (1.15), (1.16) is shown to hold with equality for p = 1, cc.
We also point out that Xrr(Ky) = Zra(Kr), 1 < p < oo, with
1/p+1/q = 1. Thus (1.16) also relates the spectrum of K} = K;r in
LP to the point spectrum of K in X.

To finish Section 3.2 we present a particularly simple form of the
theory, with substantially simpler conditions to verify, for the special
case when the kernel takes the form

(1.17) k(s,t) = k(s —t)z(s,t),
for some x € L', z € BO(R?) where R? := R?\ {(s,5) : s € R}.

Section 4 considers a substantial application of the results of the
previous sections. The problem considered is one of scattering by
a one-dimensional unbounded rough surface. Precisely, we consider
the Dirichlet boundary value problem for the Helmholtz equation in
a nonlocally perturbed half-plane. The theoretical basis for boundary
integral equation methods for the Helmholtz equation for scattering
by unbounded surfaces is in its infancy. But recently [13], a novel
boundary integral equation formulation for this problem has been
proposed and this formulation has been shown to be uniquely solvable
in the space of bounded continuous functions, leading to the first
proof of unique existence of solution for the problem of scattering of
a plane wave by a one-dimensional rough surface [14]. In this paper,
applying the results of Sections 2 and 3, we show that the boundary
integral equation is well posed also in LP-spaces and weighted spaces
of continuous functions. We show similar results for an alternative
boundary integral equation formulation, whose integral operator is the
adjoint of that in the first equation considered. This alternative integral
equation formulation is obtained by a direct approach using Green’s
theorem, in contrast to the indirect formulation of [13].
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Arens [3, 4, 5], in related work to that of Section 4, considers the
problem of elastic wave scattering by one-dimensional rough surfaces,
proposing a novel reformulation as a coupled pair of boundary integral
equations. Employing the results of [22, 23] and arguments closely
related to those in Section 3.2, the well posedness of the integral
equation system in LP-spaces is established [4, 5], leading to an
existence proof for the elastic wave boundary value problem.

We finish this introduction by contrasting the results of this paper
to those of earlier authors. There exists a large literature (e.g., [7,
8, 21, 26] and the references therein) concerned with extensions of
the case k(s,t) = k(s —t), k € L', and the Wiener-Hopf case (1.12)
to more general kernels satisfying A’ (and to systems of equations,
multi-dimensional cases and singular integral operators). In large part
the concern in this literature has been to characterize explicitly the
spectrum or essential spectrum of the operator and give an explicit
formula for the index when the operator is Fredholm. The results
available provide information relating to cases we consider in this
paper, in particular, regarding kernels of the form (1.14) or (1.17),
with z € L®(R) or z € L*(R?), respectively. However, the results
which have been obtained only apply to cases where the behavior of z
is severely constrained at +oo.

As an indication of the results that have been shown, consider the
case when the kernel is given by (1.17) with z € L>(R?) and suppose
that z has limits at infinity, z4, in the sense that

(1.18)
lim ess.sup|z(s,t) — 24| =0, lim ess.sup |z(s,t) —z_| =0.
A—0 s> At>A A—0 g At<—A

Then [25, 26]

Yr(K) = {0} U {z2R(§) : £ € R}

A=z BN
UdgA: [arg <A #0
UXT,(K), 1<p<oco.
This criterion for the solvability of (1.1) in L? is at least as easy to

check in applications as (1.16) and is arguably more explicit. But the
constraint that z has limits at infinity is a severe one. For example, in
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the application in Section 4, z has limits in the sense (1.18) if and only if
the graph of the unbounded surface approaches horizontal asymptotes
at +oo.

2. Solvability in BC(R) and in weighted spaces of continuous
functions. We begin by reviewing properties of integral operators on
the real line and results of Part I of this study [6] that we will need
for our arguments. We are concerned in this section with properties
of the integral operator K as an operator on X = BC(R) and on the
weighted spaces X, C X introduced above.

Conditions A and B ensure that the integral operator K € B(X)
with
+o0
K| x = sup/ |k (s, )| dt.
seR J -0
Conditions A and B do not imply that K is compact. (For example, if
k(s,t) = k(s —t), s,t € R, with k € L, then k satisfies A and B, but
K has the continuous spectrum (1.4), so is not compact.) In Sections
3 and 4 we will use the fact that K is compact if k satisfies A, B and
the following assumption [1].

C.
+oo
/ |k(s,t)|dt — 0 as |s| — oo.

In the case that (1.8) holds for some r € R\ {0}, i.e.,
(2.1) T.K = KT,,
where T, is the translation operator given by (1.11), we have mentioned
already in the introduction that
(2.2) Yx(K) =X%(K)U{0}.

We have also pointed out, with an example, that (2.2) does not hold in
general given only that k satisfies A and B. However, a version of (2.2)
holds for families of integral operators satisfying A and B uniformly
and having a translation invariance property to replace (2.1).

Let K := {k: R®* — C: k is measurable and satisfies A and B}. For
k € K let K}, denote the integral operator defined by

+oo
Kid(s) = / k(s,)6(t) dt, s € R.

— 00
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We consider families W C K satisfying the following uniform versions
of A and B.

A,
sup |[[k[[| < oo,
kew

where

+oo
[kl = sup/ (s, £)] dt.
seER

B,. For all s € R,

+oo
sup |k(s,t) — k(s',t)|dt — 0
keW J—o0o

as s’ — s.

For (k,) C K, k € K, we will write k,, = k if sup,, |||kn||| < co and,
for all ¥ € L*°,

+o0 too
/ (s, £)06(t) dt — / k(s t() dt,

— 00

uniformly on every finite interval. (This is convergence in the o-
topology of [18].) Call W C K o-sequentially compact if every sequence
(kn) C W has a subsequence which is o-convergent to some k € W.
Clearly, if W € K is o-sequentially compact, then W satisfies A,.

Let the translation operator TT(Q) be defined for 7 € R by
TPk(s,t) = k(s—r,t—r), s,teR.

The following results are shown in [18] and [6].

Theorem 2.1 [18, Theorem 2.10]. Suppose that A # 0, W C K and
(i) W satisfies By,
(ii) W is o-sequentially compact,

(iii) T,EQ)(W) =W for somer € R\ {0} so that

{T,-Kk ke W} = {KkT7. 1k e W},
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(iv) A ¢ D% (Ky), k€ W.

Then (A — Ki)(X) is closed for all k € W so that (A — Kj)~! :
(A= K)(X) — X is bounded. Moreover, these inverse operators are
uniformly bounded, i.e.,

(2.3) sup [|(A — K) Yx < oc.
keW

Suppose that, in addition to (1)—(iv), it holds that:
(v) For every k € W there exists (k,) C W such that k, > k and

(2.4) A | SR(Ky) = A ¢ Sx(Ky,)
keW

for each n.

Then (A — Ki)(X) = X for allk € W so that (A — Ki)~! € B(X),
keWw.

We point out that (2.4) certainly holds if A — K}, is Fredholm of
index zero. In particular, for any A # 0, (2.4) holds if K}, is compact.

The next theorem requires that A’ is satisfied uniformly for k € W,
i.e., that the following uniform version of A’ holds.

A!. For some k € L',
|k(s,t)| < |k(s—1¢)|, s,t€R,

forall k € W.

Theorem 2.2 [6, Theorem 3.6]. Suppose that W satisfies Al, and B,
that (1.6) holds for some b > 1 and that W is o-sequentially compact.
Then
(25) EXQ(Kk):EX(Kk); keW, 0<a<hb,
and, for X\ ¢ Ugew X x (K}), it holds that

sup ||(A — Kk)71||Xa < 00 <= sup |[(A— Kk)*lHX < 0,
kew keW
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0<a<hb.

Combining Theorems 2.1 and 2.2, we have the following criterion for
(A — Ki)"t € B(X,).

Theorem 2.3. Suppose that A # 0 and
(i) W C K satisfies Al, and By, and (1.6) holds with b > 1,

(ii) W is o-sequentially compact,

(iii) T(Q)( W) =W for somer € R\ {0},
(iv) A ¢ X5 (Ky), ke W,
(v) For every k € W there exists (k,) C W such that k, > k and

A | SR(Ky) = A ¢ Sx(Kx,)
keWw

for each n.

Then A ¢ Lx, (Ky) forke W,0<a <b and

sup ||(A = Kp) " x, <oo, 0<a<b
keWw

3. Solvability in LP-spaces. The results of the previous section
examine the solvability of (1.1) in the weighted space X,,. In this section
we apply these results to examine the solvability of (1.1) and its adjoint
equation

+oo
(3.1) Ao(s) — / k(t,s)o(t)dt =(s), s€eR,
in X and in LP, 1 < p < oo. Besides the work of Section 2, our main
tool will be results relating properties of an operator A € B(Y) to
properties of its adjoint A* € B(Y™), where Y* denotes the dual space
of the Banach space Y. In particular, the following standard results
will suffice for the arguments which follow, see, e.g., [28].

Theorem 3.1. Suppose that Y is a Banach space, Y* is its dual
space, A € B(Y) and A* € B(Y™) is the adjoint of A. Then
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(i) [lA[ = [|A*]].

(ii) A(Y) is dense in'Y if and only if A* is injective.

(iil) A s bijective if and only if A* is bijective and, if they are
both bijective, then (A*)~1 = (A™Y)*, the adjoint of A~! so that
A=Y = [[(A") 7.

Of course, these results are useful to us since, for 1 < p < oo, (LP)*
can be identified with LY where ¢ here and in the remainder of the
paper is related to p via the equation 1/p + 1/¢ = 1 (with ¢ = oo
if p=1¢g=1if p = o0). This identification can be made via the
isometric isomorphism i : LY — (LP)* given by i(¢) = ¢ where ¢ is
defined by

+o0

oY) = (s)v(s)ds, o€ L.
Making this identification, it follows from Fubini’s theorem (see, e.g.,
Jorgens [24]) that if the integral operator K given by (1.2) satisfies
K € B(LP) for some p € [1,00), its adjoint operator K* € B((LP)*) =
B(LY) is the integral operator KT given by (1.2) with K, k replaced by
KT kT where k7 (s,t) := k(t,s), s,t € R. That is,

+oo
(3.2) KTqS(s):/ k(t,s)p(t)dt, seR.

— 00

We shall consider cases when both k& and k7" satisfy Assumption A.
Then the following result holds [24, Chapter 11].

Theorem 3.2. If k and kT satisfy A, then K and K7, defined by
(1.2) and (3.2), respectively, are bounded operators on LP, 1 < p < co.
Further, for all A\ € C and 1 < p < oo, (A— K1) € B(L?) = B((LP)*)
is the adjoint of (A — K) € B(LP) and (A — K) € B(L?) is the adjoint
of A\ — KT) € B(L»).

In part the above theorem can be established using the following
result. This is a special case of the interpolation theorem of Riesz-
Thorin, often called the Riesz convexity theorem [29, Chapter V,
Theorem 1.3].
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Theorem 3.3. If, for some s,r € [1,00], A € B(L") N B(L?), then

for
1 t 1-—1t

)

p T s
with 0 <t < 1, it holds that A € B(LP) with

(3:3) 1Az < AL AN

Clearly, as a simple consequence of Theorems 3.1 and 3.2 we have
that, if k£ and k7 satisfy A, then

(3.4) Yo (K) =Xra(KT), 1<p<oo.

We can also, if k additionally satisfies B, relate Yy (K) to Yx(K) via
the following simple result.

Lemma 3.4. Suppose Y is a Banach space, Z C Y 1is a closed
subspace and A € B(Y) with A(Y) C Z. Then, for N # 0, A—A)~' ¢
B(Y) if and only if (A — A)~! € B(Z) and

(35) A=Az < [ =) Hly < ANTHA+ A=A zllAlly)-

Proof. Suppose that A\ # 0. It is clear, since A(Y) C Z, that A — A
has the same kernel in Z as in Y. Further, since A(Y') C Z, it is easy
to see that (A — A)(Y) = Y implies (A — A)(Z) = Z. Conversely,
if (A — A)(Z) = Z, then, given ¢ € Y, there exists ¢ € Z with
(A= A)p = Ay and

(3.6) (A=A (P +¢) = .

Thus (A — A)(Y) =Y. We have shown that A\ — A:Y — Y is bijective
if and only if \— A : Z — Z is bijective. The bound (3.5) follows easily
from the definitions of the norms in B(Y') and B(Z) and equation (3.6).
o

Applying Lemma 3.4 and with some additional agreement we obtain
the following result. In the proof of this lemma, we make use of weaks-
convergence in L = (L')*. This standard topology on L is used
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more extensively in Section 3.1, where a definition and characterization
of weak+-convergence in L*> will be given.

Lemma 3.5. If k satisfies A and B, then ¥~ (K) = Xx(K) and,
if \ ¢ Ex(K), then

I = E) "z = (A = K) 7M.

Proof. If k satisfies A and B then, by [6, Lemma 2.5], 0 € Xx(K).
Exactly the same proof applies to show that 0 € ¥ (K). Combining
this with Lemma 3.4 we see that X~ (K) = Ex(K). If A ¢ Lx(K),
then A\ # 0 and |[(A — K)7 Y| x < [[(A = K)7 Y|~ by Lemma 3.4. To
see that the reverse inequality holds, note that given 1 € L we can
construct (,,) C X such that (¢,,) converges weaks to ¢ in L = (L1)*
and such that ||¥,lcc — [|¥]|lco. (For example, choose a compactly
supported k € C(R) with k > 0 and fj;o k(t)dt = 1 and define
¥n(s) = n [T k(n(s — )p(t)dt.) Let ¢, = (A — K)"'¢,. Then
Abp — K¢, = ¥, 25 4. Since (¢,,) is bounded, (K¢,) is bounded
and so, by the Banach-Alaoglu theorem, has a weakx convergent
subsequence. Denoting this subsequence by itself, we see that, for some
b€ L®, ¢, = AN"H K¢, + 1) 5 ¢. Now, since k satisfies A, ¢, =
6= Ko, 25 Ko, see, e.g., [15]. Thus A1 (K¢, +,) B AN YK p+1))
so that ¢ = (A — K)~ 1. But also

[¢lloc < limsup [|pnlloc < (A = K) ™| limsup ¢ [l
=1 = K) 7 x ¢ lls-

Thus [|(A = K) 7Y < [[A-K)7Hx. o

3.1 When K is the product of a convolution and multipli-
cation. As a first illustration of the power of these results and of
Theorem 2.1 in the last section, we consider their application to the
integral equation

—+oo
37) Ad(s) — / k(s — D=(t)o(t) dt = (), s€R,
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and its adjoint equation
“+o0
38) 2o~ [ slt- 980 d=is), sER,

with K € L', 2 € L. Of course, these are equations (1.1) and (3.1),
respectively, with

E(s,t) = k(s —t)z(t), kT (s,t) = k(t,s) = k(t — s)z(s).

In operator notation we can abbreviate (3.7) and (3.8) as A — K¢ = ¢
and Ap — KT ¢ = 1, respectively, with

K=KM, K'=MK",

where M, is the operation of multiplication by z and K is the convolu-
tion integral operator defined by

+oo
Ko(s) = [ k(s —t)o(t)dt, s€R.

It is easy to see that
K" = RKR

where R is the reflection operator defined by

Thus
KT = M,RKR = RMp.KR.

But our first result will consider the case when & is even so that KT = K.
In addition to Theorems 3.1-3.3, it requires, for its proof, only the
following simple result.

Lemma 3.6. Suppose that, for some Banach space Y and A # 0,
A,B,(A\—AB)~' € B(Y). Then also (A\— BA)~! € B(Y) and

(3.9) (A—BA) ™ ="'+ A\ 'B(A— AB)'A.
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Proof. We easily check that the right-hand side of (3.9) is indeed a
right and left inverse for A — BA. O

Theorem 3.7. Suppose that 1 < g <r <p < oo (withl/p+1/q=1)
and that k(s) = k(—s), s € R. Then the spectra of K = KM, and
KT = M,KT = M,K are related by

0€ N (K)=2p(K") C 2 (K) = Sra(K).
Further, X1, (K) = Xx(K).

Proof. We show first that 0 € X-(K) N Y- (KT), 1 <r < co. Let
X € C§°(R) := {¢p € C°(R) : ¢ is compactly supported} with X # 0
and define ¢,(s) = X(s)e™*, s € R, n € N. Then (¢,) C L" with
lonllr = |IX]l» # 0 but ||[Kepnllr — 0 as n — oo, so that (L") is
not closed. (That ||K¢yl|l, — 0 is easy to see when x € C{°(R) and
follows from the denseness of C§°(R) in L! in the general case.) Thus
K and hence K is not surjective so that 0 € ¥z (K). Further, KT is
not surjective: this is clearly true if M, is not surjective; and if M,

is surjective, then ess.infser |2(s)| > 0 so that M, is injective and
K(L") # L™ = (M.K)(L") # L". Thus 0 € $1-(KT).

Given that 0 € X1-(K) N Y- (K7T) it follows from Lemma 3.6 that
Y- (K) =Y (KT), 1 <r <oco. Thus, and by (3.4),

Yio(K) =Yra(KT) = B14(K).

It follows from Theorem 3.3 that Xp-(K) C Ypq«(K) N Xpe(K), for
g <r <p. That ¥~ (K) =X x(K) follows from Lemma 3.5. O

Our next result combines the above arguments with Theorem 2.1
and illustrates the application of that theorem. We use extensively the
weak#-convergence and topology on L> = (L!)* already used briefly

in the proof of Lemma 3.5. For (¢,,) C L, ¢ € L*°, we write 1), w )
if (1,,) converges weaks to 1, i.e., if

—+oo —+oo

Y (t)o(t) dt — V(t)(t)dt, ¢e L'

— 00 — 00
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A useful characterization of weakx-convergence is that

wn w—*> ¢ < sup ||¢n“oo < 00
n

and
400 “+o0

Pn(t)9(t) dt — P(t)o(t)dt, ¢ € Cg°(R).

— 00

We shall say that V' C L* is weak+-sequentially compact if every
sequence in V has a subsequence converging weak* to an element of V.

Given k € L' and V C L*, we will consider families of kernels
W = {k, : z € V} where k.(s,t) := k(s — t)z(t), s,t € R. One
significance of weakx-convergence and weakx sequential compactness
for our purposes is the relationship with the o-convergence introduced
in Section 2, expressed in the following lemmas.

Lemma 3.8 [18, Lemma 3.1]. If (2,) C L™, z € L™, 2, 3 2, then

k. Sk,

Lemma 3.9 [18, Lemma 3.2]. If V C L™ is weakx-sequentially
compact, then W = {k, : z € V} satisfies A, and B, and is o-
sequentially compact.

Theorem 3.10. Suppose V. C L™ is weakx-sequentially compact,
R(V)=V and T,(V) =V for somer € R\ {0}. Suppose further that
A # 0, that X ¢ 5. (KM.) for z € V, and that for every z € V there
exists (2,) C V such that z, 5 2z and (A — KM., )(X) = X for each
n. Then, forz € V, (A—=KM,)™! € B(X) and (\—KM,)~! € B(L?),
1 <p < oo. Further,

(3.10) sup |(A — KM.)™H|x < oo,
S

(3.11) su‘g A= KM,) ™Y r < 0.
1€ p<o0

Proof. By Lemma 3.9, W := {k, : z € V} satisfies conditions (i) and
(ii) of Theorem 2.1, and W clearly also satisfies conditions (iii)—(v).
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Thus, Theorem 3.1 applies to give that (A — KM,)™! € B(X), z €V
and the bound (3.10). From Lemma 3.5, (A—KM,)~! € B(L*), 2z € V,
and

(3.12) sup ||(A — KM,) |z~ < oo
z€V

By Lemma 3.6 we obtain that (A — M,K)~* € B(L*), z € V, and that
these inverse operators are also uniformly bounded. Since

R(A— M.K)R=X— Mgr.RKR =\ — (KMg.)",

it follows that (A — (KMpg.)T)~! € B(L™) and, by (3.4), also (A —
KMpg,)~' € B(L'). Further, and since R(V) = V and R is an
isometrical isomorphism,

sup [|(A = KM.) ™1 = sup [|(A = KMg.) ™| s
z€V z€V

(3.13) = sup[|(A - (KMp2)") ™| pe

=sup ||(A — M.K) 7|1~ < .
zeV

Thus (A — KM,)™! € B(L*) N B(L') and, by Theorem 3.3, also
(A= KM,)"! € B(LP), 1 < p < oco. In view of (3.12), (3.13) and
(3.3), the inequality (3.11) holds. O

We can obtain from the above result a statement about the spectra
of the operators KM, .

Corollary 3.11. Suppose V. C L is weakx-sequentially compact,
R(V)=V and T,,(V) =V for some r € R\ {0}. Suppose also that for

every Z € V there exists (z,) C V such that z, > % and

Sx(KM.,) c {o}yu | Z% (KAL)
zeV

Then, for 1 <r < oo, p=1,00,

U Ser(kMz) e | S (KM) = | Bx (kM) ={otu | ] ¥% (KM.).

zeV zeV zeV zeV
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Proof. Examining the first part of the proof of Theorem 3.7, we
see that the argument there applies to show that (L") # L", 1 <
r < oo. Thus, for z € L, (KM.,)(L") # L", 1 < r < oo,
so that 0 € X+ (KM,), 1 < r < oo, z € V. Hence, and as a
corollary of the last theorem, we obtain that {0} C |, .., X (KM,) C
{0} UU, ey 25 (KM;), 1 <7 < oo.

By Lemma 3.5, since k, satisfies A and B, X1~ (KM,) = Zx(KM.,).
Examining the proof of Theorem 3.10, which uses Lemma 3.6 and (3.4),

we see that the argument there is easily strengthened to obtain that,
for X\ # 0,

zeV

UGa-KM)" ¢ B(LY) <= | J (A= KM.)™" € B(L™).

zeV zeV
Thus ,cy 201 (KM.) = U.ey Zr~(KM.). Putting these results
together we obtain the stated corollary. ]

We finish this section by illustrating the above theorems and those of
Section 2 by using them to derive results for the following application,
considered briefly in [6]. For @ C C, let Lg := {¢ € L™ : ¢(s) €
@, for almost all s € R}. It is shown in [10] that V := Lg is weaks-
sequentially compact if and only if @) is compact and convex. Whatever
the choice of @, clearly R(V) =V and T.(V) = V, r € R. Further,
we can satisfy the remaining condition of Corollary 3.11 in a variety
of ways, as discussed in [6]. For example, given z € V, choose
(z,) C V so that z,(s) = 2(s), |s| < n and so that z,(s) = ¢ € Q
otherwise. Then, setting Z(s) = ¢, s € R, k., — k; satisfies A, B
and C so that XM, — KM; is compact on X. Hence, and since
KM: = ¢K so that, see (1.4), Xx (KM3) = {0} U XK (KM3), it follows
that x(KM,,) C I (KM,,) UXx(KM;z) C {0} U XL (KM,,) U
S8 (KM:) € {0} ULy S (KDL).

We see that all the conditions of Theorem 3.10 and Corollary 3.11 are
satisfied by the choice V := Lq if @) is compact and convex. In view
of Lemma 3.9, it follows that, provided (1.6) holds for some b > 1, the
conditions of Theorem 2.2 are also satisfied. Thus, applying Theorems
3.10 and 2.2, we have the following result, a significant extension of [6,
Corollary 4.5], which only considers the cases F = X and F = X,,.
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Corollary 3.12. Suppose k € L', Q C C is compact and conver,
and X\ # 0. Then (i) and (ii) are equivalent if E denotes one of X, L'
or L™ and (i) implies (ii) if E = L? with 1 < p < co.

(i) For every z € Lg, the equation

+oo
(3.14) Ap(s) = / k(s —t)z(t)p(t)dt, seR,

— 00

has only the trivial solution in X.

ii) For every z € Lg the equation
Q

“+ o0

(3.15) Ap(s) = Y(s) + / k(s —t)z(t)p(t)dt, seR,

has exactly one solution ¢ € E for every ¢ € E and, for some constant
C > 0 depending only on A\, k and Q, ||9||lg < C|Y|E-

If also k(s) = O(s7?) as |s| — oo for some b > 1, then (i) and (ii) are
also equivalent for E = X,, 0 <a <b.

As pointed out in [6], a boundary integral equation to which this
result can be applied is obtained in [11] from a boundary value problem
for the Helmholtz equation Au+4k%u = 0, k > 0, in the upper half-plane
U := {(z1,22) € R? : 22 > 0} with impedance boundary condition
Ou/0xs+ikfu = f on OU = R. (In the boundary condition, 3, f € L
are given boundary data.) The integral equation is of the form (3.15)
with A =1, 2 =i(1 — 8) and x € L' with r(s) = O(s7%/?) as |s| — oo.
It is shown in [11] that the homogeneous equation (3.14) has only
the trivial solution in X if § € L satisfies ess.supRG > 0. Thus if
Q = {i(l —w) : w € P} with P a compact, convex subset of the right-
hand complex plane, the conditions of Corollary 3.12 are satisfied and
(i) in Corollary 3.12 holds. It follows that (ii) in Corollary 3.12 holds,
with E=1P, 1<p<ocoand F=X,, 0<a<3/2.

We consider a related scattering problem in more detail in Section 4.

3.2 Results for general kernels. We turn now to a study of more
general forms of kernel. To an extent our results on the solvability of
(1.1) and its adjoint equation (3.1) in LP, 1 < p < oo, are obtained using
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the same methods as in Section 3.1, in particular Theorems 3.1 and 3.2
relating the spectrum of K in L? to that of K7 in L9, and Lemma 3.5.
However, we no longer have the possibility as in Section 3.1 of relating
the spectra of K and K7 in the same space LP via Lemma 3.6. With
this key step in the argument missing we are obliged to make additional
assumptions on k and k7 which, in fact, exclude the case K = KM,
unless z € X. We also make an essential use of the result on solvability
in weighted spaces obtained in Section 2.

Our main result is the following.

Theorem 3.13. Suppose W C K, W :={kT : ke W} C K, A #0,
and

(i) W satisfies A, and (1.6) holds for some b > 1.
(i) W and W7 satisfy B,.
(iii) W and W7 are o-sequentially compact.

)T, ( ) =W for somer € R\ {0}.

(v) For every k € W there exists (k,) C W such that k, % k and,
for each n,

)
)
(iv

A | S () = A ¢ Sx(Kx,);
kew
this statement also holds with W replaced by W7 .
(vi) A ¢ B5(Ky), ke W.
Then A ¢ Sx(Ky), A& Spo(Ky) fork € WUWT and 1 < p < oo, and

(3.16) sup  ||(A = Kp) " Hlx < oo,
keWuwT
(3.17) sup  ||(A = Kp) " Hze < o0
1<p<oo
kewuw T

Proof. Conditions (i)—(v) of Theorem 2.3 are satisfied by W. Tt
follows from Theorem 2.3 that A ¢ ¥x, (Kx), k€ W, 0 < a <b, and
then, from Lemma 3.5, that A ¢ X1 (K), k € W. Moreover, from
Theorem 2.3 and Lemma 3.5 we have that

¢:= sup [|(A = Kp) "z = sup [|(A = Ki) '|x < oo.
keWw keWw
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Since, for k € W, A ¢ Xx,(K;) and X, C L', it follows that
(A — Ki)(LY) D (A — Ki)(Xp) = Xp, which is dense in L. Since, by
Theorem 3.2, K,r € B(L™®) = B((L')*) is the adjoint of K; € B(L")
(and Kj, € B(L*®) is the adjoint of K;r € B(L'))) it follows from
Theorem 3.1(ii) that A ¢ X7 . (Ky) = X% (Ky), k € WT. We can
now repeat the first part of the argument for we have established that
conditions (i)—(v) of Theorem 2.3 are satisfied by W7 In particular,
it follows that A\ ¢ Sx(Kj) = X (Kg), k € WT and that

"= sup [[(A=Kp) "Mz = sup [[(A— Kx)"lx < oo.
kEWT kewr

The proof is completed by applying Theorem 3.1(iii) to deduce that
A Y (Ky)UXp(Kyr), k€ W, and that

T

sup [[(A = Ki) o =", (A= Kp) Iz =c
kEW

sup |
kewT

It follows from Theorem 3.3 that also A ¢ Yr»(Ky), k € WU W7,
1 < p < o0, and that

sup  [[(A— Kk)71\|Lp < max(c, cT),
kewuwT

for 1 < p < 0. O

We can obtain, from the above result and some additional arguments,
the following statement about the spectra of the operators Kj.

Corollary 3.14. Suppose W c K, WT .= {kT : k € W} C K and
conditions (1)-(iv) of Theorem 3.13 are satisfied. Suppose also that, for

every k € W and k* € W1, there exist (k,) C W and (k) C WT such
that k, = k, k} Z k*, and such that

Sx(K;,) c {0yu [ Sh(K),
keW

Sx(Kiz) C{0yu | S5 (Kx),
kewT
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for each n. Then, for 1 <r < oo, p=100, V=W, WT,

U 2o (Kx) € | Bee(Ke) = | Sx ()

kev kev keV

={0}u | J =K (Kx)

keWw

={0}u |J ZK(Kw).

kewT

Proof. Since k and kT satisfy A and B it follows from Lemma 3.5
that 0 € Xx(K), 0 € ©x(KT). Hence, and from Theorem 3.13, it
follows that, for V=W, W7,

A¢{0}U U Y5 (Kk) = N ¢ U Ex (Kk)

kev keWuUwT

= ¢ {0}u | K (K.
keV

Further, Theorem 3.13 implies that

A 0RO U Bk () = A ¢ (U Son (),
keV kev
for 1 < r < oo. Moreover, by Lemma 3.5, £1«(K) = Xx(K) and
Y1 (KT) = Yx(KT), while by Theorem 3.1(iii) and Theorem 3.2,
Y1(K) = B (KT) and Xp1(KT) = S« (K). Hence the corollary
follows. O

We will illustrate the above general result by considering its applica-
tion to a particular class of kernel which appears in the application in
Section 4. Let R? := {(s,t) € R? : 5 # t}, suppose that we are given
k€ L' and, for z € BC(R?2), consider the kernel x, € K defined by

(3.18) Kz(s,t) = k(s —t)z(s,t), s,t€R.

It is not difficult to see that kernels of this type satisfy conditions A’
and B: see Lemma 3.16 below. Clearly,

kD (s,t) := k. (t,s) = K(t — 5)2(t,s)
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is a kernel of the same type which thus also satisfies A’ and B.
For (z,) C BC(R?), z € BC(R?), we will write z, 5oz if
supy, [|znl porzy < o0 and z,(s,t) — z(s,t) uniformly on compact
subsets of R2. We will say that V ¢ BC(R?) is 5-sequentially com-
pact if every sequence (z,) C V has a subsequence (z,, ) such that
Zn, >z €V. For z € BC(R?) define 27 € BC(R?) by

2L(s,t) = 2(t,s), (s,t) € R%
Clearly,

T
n

(3.19) 2 — 2 = 27 55 T

The following lemmas enable the application of Theorem 3.13 to kernels
of the type (3.18).

Lemma 3.15 [18, Lemma 3.4]. If z, R z, then k., = k..

Lemma 3.16. If V C BC(RQ) is §-sequentially compact, then
W :={k, : z € V} satisfies A!, and B, and is o-sequentially compact.

Proof. Since V is §-sequentially compact, it is bounded and so A,
holds. It is shown in [18, Lemma 3.5] that also B, holds and W is
o-sequentially compact. o

Remark 3.17. If V. C BC(R?) is §-sequentially compact, then by
(3.19) so is VT = {27 : 2 € V}, and therefore, by Lemma 3.16,
WT .= {kl' : 2 € V} also satisfies A, and B, and is o-sequentially
compact.

Combining Theorems 2.3 and 3.13 with Lemmas 3.15 and 3.16, and
bearing in mind the above remark, we see that the following result
holds.

Theorem 3.18. Suppose k € L', A # 0, V € BO(R?), W := {k. :
z €V} and
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(i)
(i)
(iii) T, ( )=V for somer € R\ {0}.
(iv)

each n,

.6) holds for some b > 1.

(1
V' is 5-sequentially compact.

For every 2 € V there exists (z,) C V such that z, >  and, for

g SR (Ke) = A ¢ Ex (K. );
z€V

T

this statement also holds with k., k., replaced by kT, kT

(V) A ¢ SB(Ky), ke W.

Then X\ ¢ Ex(Kk), A ¢ ZLP(Kk) and \ ¢ EXG(KI@) fO’/‘ ke WUWT,
1<p<oo,0<a<b. Further, (3.16) and (3.17) hold, and

sup  [[(A = Kx) " Hlx, < o0,
kewuwT

for0<a<b.

We will consider an important application of this theorem in the next
section.

4. An application to rough surface scattering. We consider in
this section the scattering of a time-harmonic wave field incident on an
infinite boundary given as the graph of a bounded function f. More
precisely, denote by C**(R) the Holder space

OV R) = {0 € C'R) < [0l craqmy
= 1plloe + ¢l + sup L ZFO

< oo}.
s,tER,s#t |S - t‘
Given f € CY1(R), define the domain D = {x = (z1,72) € R? :
x2 > f(x1)}, and let T' := OD denote the boundary of D. We assume
that the time-harmonic incident field u’ is a solution to the Helmholtz
equation
Au+k*u=0 in D,

with wavenumber k > 0 and that u® is continuous up to the boundary
I’ with «*|r bounded and restrict our attention to the case where the
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total field vanishes on the boundary. Then the scattered field u has
to satisfy the Helmholtz equation in D and the boundary condition
u = —uonT. Set, for h € R, T, .= {z € R?> : 29 = h} and
Up := {x € R? : 23 > h}. In order to ensure uniqueness of solution
to this problem, we further require that the scattered field be bounded
in the horizontal strip D \ U}, for every h > 0 and that it satisfy the
upward propagating radiation condition proposed in [11, 17]: that, for
some h > sup, cg f(z1) and ¢ € L>(T'y,),

an =z e as), s,

where ®(z,y) := (i/4)Hél)(k|x —yl), z,y € R? z # y, is the free
field Green’s function for the Helmholtz equation and Hél) denotes the
Hankel function of the first kind and of order 0.

Thus the rough surface scattering problem we are considering is a
special case of the following Dirichlet boundary value problem

Problem 4.1. Given g € BC(T'), determine u € C?*(D)NC(D) such
that

1. Au+k?>u=0in D,

2. u=gonl,

3. u is bounded in D\ Uy, for all h >0,

4. u satisfies the UPRC (4.1).

It has been shown in [17, 14] that Problem 4.1 admits a unique
solution for any boundary function g € BC(T).

We will now study an equivalent boundary integral formulation of
Problem 4.1 derived in [14], applying the results of the preceding
sections. Let G(z,y) := ®(z,y) + ®(z,y’) + P(x — ¢/) for z,y € Uy,
x # y, where y = (y1,92), ¥’ = (y1, —¥2) and

ik|z| 0 t71/2 —k|x|t 1 1 it .
P(x)::6 ¢ : ( +’Y( +Z))dt, z € Uy,
T Jo Vit —2i(t —i(1+))?
with v = za/|z|. It follows from this definition, see [11, 12], that
G(x,y) is the Green’s function for the operator A + k? in the upper
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half-plane Uy which satisfies the impedance boundary condition

0G(z,y)

+ikG(z,y) =0, xz €Ty, ye€ Uy, x#vy.
8.132

Moreover, it was shown in [13] that G(x,y) exhibits a more rapid decay
than ®(x,y) as |z1 —y1| — oo with z2, y2 bounded, as expressed in the
bounds

(4.2)

1+ 29)(1+ _
Gz, y)l, |[VyG(z,y)| < 0%7 z,y € Ug, z #y,

where the constant C' > 0 only depends on k.

It was proposed in [13] to seek a solution to Problem 4.1 in the form
of a double layer potential

9G (,y)
r ov(y)

for some ¢p € BC(I") where v(y) denotes the unit normal vector at
y € I pointing out of D. Note that, by the bound (4.2), the double
layer potential exists as an improper integral for all z € D. Moreover,
it was shown [17, Theorem 4.2] that u defined by (4.3) is a solution
to Problem 4.1 provided v € BC(T') satisfies the boundary integral
equation

(4.3) u(r) = P(y)ds(y), =D,

ad) o) -2 [ Ty dsty) = -29(0), e
Defining ¢,y € BC(R) b
8(5) 1= ¥((s, F(s)), 7(s) == ~20((s. f(s))), s € R,

we find (4.4) to be equivalent to the integral equation on the real line,

(4.5) ¢(s)f2/7 agy( (/1 + f/(t)2dt = sER,

where z = (s, f(s)), y = (¢, f(1)).
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Many of the results of the earlier sections of this paper apply not to a
single integral operator but to families of such operators whose kernels
satisfy conditions of translation invariance, Assumptions A, and B,,
and certain other conditions. To make use of these results, for ¢, M > 0,
we introduce the set of surface functions B, »s, defined by

Bey = {f € CY'(R) :inf f > ¢, || fllerim) < M}
For f € By we define the kernel £y by

IG(z,y)
ov(y)

where x = (s, f(s)),y = (¢, f(t)) and define the integral operator K
by

k(s t) =2 1+ f(¢)?, s,teR,s#t,

(oo}

Ko(s) := / ke(s,t)p(t)dt, seR, ¢ € X.

The integral equation (4.5) can then be rewritten in operator notation
as

(4.6) (1= Kp)o=r.

From previous studies, we have the following results.

Lemma 4.2 [14, Theorem 5.1]. The integral equation (4.6) has at
most one solution in X.

Lemma 4.3 [13, Lemma 5.1]. There exists C > 0, depending only
on ¢, M and the wavenumber k such that, for all f € B u,

(4.7 |kp(s,t)| < Cr(s—t), s,teR, s#t,

where x(s) := (1+|s])7%/2, s € R.

Defining

kr(s,t
zf(s,t) := fs(& t) fe€Bem, s,teR, s#t,
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we have that k¢ (s, t) = k(s—1t)zs(s,t). By Lemma 4.3 and since k¢ (s, t)
is clearly continuous for s # t, we have that z; € BC(R?). We set

Vi={zp:feBem}, W:={ks:f€Bcm}

Lemma 4.4 [14, Lemma 4.6] and [18, Lemma 4.6].

(a) BEvery sequence (f,) C Bem has a subsequence (fy,,) such that
For S F ) S with f € Bo.

Mom,

(b) Suppose that (fn) C Bear and that f, > f, fi > f' with
f S BQM. Then Zfn N Zf.

From Lemma 4.4, it follows that the set V is s-sequentially compact.
Moreover, for r € R it holds that TT(Q)(V) =V since T,.(B¢,ar) = Be,m-
By Lemma 4.3, (1.6) holds with b = 3/2. Finally 1 ¢ X% (Kjy), for
f € Bey by Lemma 4.2. Thus, to apply Theorem 3.18, with A = 1,
only condition (iv) remains to be shown.

For f € B.,, define

F(s) = w’

s € R.
Note that f € B . For all A > 0 sufficiently large, there exists a
sequence (f,) C B ar such that
f(s) s <
) ={
|s| >

S

Clearly f, = f, f, = f, so that zj, ER zf, by Lemma 4.4(b).

Moreover, z7(z,t) = Z(s — t) for some Z € BC(R\ {0}) so that the
operator K is a convolution operator and, by (1.4), {0} U X% (K5) =
Yx (Kf). Hence, 1 ¢ EX(KJz) so that 1 — Ky is Fredholm of index
zero. Furthermore, since V is §-sequentially compact, it follows from
Lemma 3.16 that [,, := kjy, —k satisfies A and B. In view of the bound
(4.2) and since I, (s,t) =0, if |s] > n+ A and [t| > n + A, it is easy to
see that [,, also satisfies C. Thus (see Section 2), Ky, — K is compact
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sothat 1 — Ky =1- K- (Ky, — Kf) is also Fredholm of index zero.
Hence, 1 ¢ ¥x (Ky,) for each n. Furthermore, if 1 ¢ U;cp_,, ZI;((K?),

then, repeating the above argument, we can show that 1 ¢ 3 X(K?ﬂ)
for each n. Thus we have shown that assumption (iv) of Theorem 3.18
holds. An application of this theorem now yields the following corollary.

Corollary 4.5. For 1 < p < oo, the integral equation (4.6) has
exactly one solution ¢ € LP for every v € LP and f € Be . There
exists a constant ¢* > 0 depending only on ¢, M and the wavenumber k
such that |||, < c*[|7]lp for 1 <p <oo,vy€ LP, f € Ben. If v € X,
for some a € [0,3/2], it holds that ¢ € X,. Moreover for 0 < a < 3/2,
there exists a constant Cq > 0, such that for all f € Beay, v € X, the
solution ¢ of (4.6) satisfies

6(s)] < Ca(1+[s))"*sup (1 +[t)*v(8)], s€R.
teR

The assertions of this corollary also hold with K¢ replaced by K? n
equation (4.6).

For the original boundary value problem, Problem 4.1, we have as a
corollary the following existence result [14, Theorem 5.3].

Corollary 4.6. There exists a unique solution to Problem 4.1.

However, the ansatz (4.3) is not the only possibility to seek the
solution to the scattering problem. We can also derive an integral
equation from Green’s theorem. It is convenient for this purpose to
make the additional assumption that the incident field satisfies the
Helmholtz equation in the half-plane U_. for some € > 0 and further to
suppose that u’ is bounded in the strip U_. \ Uy for some H > sup f.
Introducing the total field u! = u® + u, since u' = 0 on " and T is
Lyapunov, it follows from regularity estimates up to the boundary for
solutions to elliptic equations [20] that u* € C?(D) N C(D). Further,
since u! is bounded in D \ Uy, arguing exactly as in the proof of [17,
Theorem 3.1], we can show that, for 0 < « < 1, b’ < H, there exists a
constant C' > 0 such that

(4.8) |Vl (z)| < C(zy — f(21))* ", x€ D\ Up.
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Also, arguing as in the proof of [17, Theorem 3.2], we have that

(4.9) sup/
n€Z JT'(n,n+1)

where I'(n,n+ 1) := (y = (y1,92) €T :n <y; <n+1}, n € Z. These
estimates are not the strongest possible bounds, as we shall see shortly,
but are sufficient for the following derivation of the integral equation
formulation.

2

out
ds < 00,

ov

For A > 0 and H > h > sup f, we can apply Green’s theorem in the
domain Dy j = {y = (y1,y2) € D : |y1] < A,y2 < h}, to obtain

out 0G(z,y)
utx:/ {Gm,y—y—i’uty ds(y), x € Dap.
@)=, (00w - G s ,
In view of the bounds (4.2) and (4.8) and the boundary condition u’ = 0
on I', it then follows, taking the limit A — oo, that

(o) = [ {ew G - St} asw)

(4.10)
out

+ / G(mvy)a_(y) dS(y), S Doo,ha
r 14

where the normal v to I'y, is pointing upwards, and the integral over T'
is well defined in view of the bounds (4.2) and (4.9). Using the fact that
the scattered field u satisfies the UPRC, the terms in the first integral
in this equation containing u are seen to vanish by the equivalence of
(i) and (v) in [16, Theorem 2.9]. Thus we are left with the expression

41 @) =)+ [ GG s, w€ DT,

where

i) = [ {650 - Tt pis). = €U0\ T

Let u” € C2(U)NC(U) denote the solution of the Helmholtz equation
in U which is bounded in the strip U \ U}, for every h > 0 and satisfies
the radiation condition (4.1) and the impedance boundary condition

ou” ou’ -
k T k 7
8$2+Zu <ax2+z u>
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on Ty, in the weak sense of [11]. By [11] the unique solution to this
boundary value problem is

(4.12) u(z) = /F G(x,y)<gZ; +ikui(y)> ds(y), z€U.

By a similar argument to that used to derive (4.10), but applying
Green’s theorem in the region between I'j, and Iy, it follows that
a(r) = ui(x) + u"(z), * € Uy \ Uy. Substituting in (4.11), we obtain
that

113 ) =) @)+ [ Gl G dst),

for x+ € D\ U, and, by analytic continuation, this equation holds
throughout D. Note that, for the incident fields commonly of interest, a
more explicit expression than (4.12) can be given for «”. In particular, if
u® is the incident plane wave u’(z) = exp(ikz - d) for some unit vector
d = (dy,ds) with do < 0, then u"(z) = Rexp(ikx - d') where d' =
(d1, —ds) and R is the reflection coefficient R = (—ds — 1)/(—d2 + 1).

Using standard properties of the acoustic double layer potential [19]
together with the bound (4.2) on the fundamental solution, it is not
difficult to see from (4.13) that the normal derivative du'/dv satisfies
the following integral equation on I':

(4.14)
@ =2 [ SO ) as) =2( G @+ G @), wer

This equation is equivalent to the integral equation
(4.15) o)~ [ Isls.00)di=p(s), seR

— 00

on the real line, where ¢(s) := (9u’/ov)((s, f(s))), p(s) := 2(Ou’ /v +
ou” /ov)((s, f(s))), s € R, and we have introduced the kernel

Ip(s,1) == 2%@%@),
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with ¢ = (s, f(s)), y = (¢, f(t)) and wy(t) = /1+ f'(t)2. From
(4.9) it follows that sup,,cy f”H |2dt < o0. Thus, and since
li(s,t) = kyp(t, s)wyr(t)/wy(s) so that by Lemma 4.3, |I;(s,t)] <
C(1 + |s — t|)73/2, it follows from (4.15) and the Cauchy-Schwarz
inequality that ¢ € L>°(R). Defining the integral operator K ¢ by

RKyo(s) = 2[0 agy(fy’)y)as(t) dt, seR,

with = (s, f(5)),y = (¢, f(t)), we easily verify that K; = f{waf
where M, is the operation of multiplication by w; and that equation
(4.15) can be written in operator notation as

(4.16) (1—KfMy,)¢=p.

However, by Lemma 3.6, it follows that (4.16) is solvable if the op-
erator 1 — M, ff(f = 1 — K} is invertible. This result has already
been shown in Corollary 4.5. Thus, combining Lemma 3.6 with Corol-
lary 4.5, we have the following final result, a statement of well-posedness
for our second boundary integral equation formulation of the scattering
problem.

Corollary 4.7. For 1 < p < oo, the integral equation (4.15) has
exactly one solution ¢ € LP for every p € LP and f € B. . There
exists a constant ¢* > 0, depending only on ¢, M and the wavenumber k
such that ||¢||, < c*||pllp, for1 <p < oo, pe LP, f € Bem. If p € X,
for some a € [0,3/2], it holds that ¢ € X,. Moreover, for 0 < a < 3/2,
there exists a constant Cy > 0 such that, for all f € Bear, p € Xq, the
solution ¢ of (4.15) satisfies

[¢(s)] < Ca(14[s))"*sup |(1+ [t)*p(t)], s€R.
teR
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