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Our focus: sound-soft scattering by very general obstacles
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respectively. k > 0.
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Our focus: sound-soft scattering by very general obstacles

The obstacle I' is some compact subset of R™, n = 2,3, such that Q :=R"\ T is
connected. The incident, scattered, and total fields are u*, u, and vt = u + u?,
respectively. k > 0.
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The scattering problem. Find the scattered field u € H!'°¢(R") that satisfies
the Helmholtz equation in €2, the standard Sommerfeld radiation condition (SRC),
and that u! = 0 on T in the sense that u! € H!°¢(Q).

This scattering problem is well-posed (classical); rewrite as variational problem in

Qr = {x € Q:|z| < R} with continuous and compactly perturbed coercive
sesquilinear form.
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What's new in this talk?

Formulating the above scattering problem as a (newish) first kind integral
equation

Ap=yg
on T, with unknown ¢ € Hy' := {yp € H~'(R") : supp(¢)) C T'}.

When I' is a d-set, meaning I' is uniformly of d-dimensional Hausdorff
measure H¢, showing that A can be written as an integral operator A with
respect to H¢, precisely

Ag(z) = / B, y)d(y) dHY(y), z T,

where ®(z,y) is the fundamental solution of the Helmholtz equation. We also
prove convergence of piecewise-constant Galerkin method, where integration with
respect to H|r.

When I is additionally the attractor of an iterated function system of
contracting similarities (an IFS for short), proving convergence rates, and
providing fully discrete implementation - deferred to next talk by Dave Hewett
on Hausdorff-measure integration rules for singular integrals
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What obstacles I do our new theories and methods treat?

(a) Closure of bounded Lip-(b) Boundary of bounded (c) Line segment screen (d) Multiscreen
schitz domain Lipschitz domain

(e) Cantor set screen (f) Koch curve (g) Koch snowflake

Two-dimensional (n = 2) examples of d-sets T, with: a) d =2;b)d=1;¢c)d =1,
d)d=1;e) d=1log(2)/log(3) ~ 0.63; f) d = log(4)/log(3) ~ 1.26; g) d = 2.
Examples c), ), f), g) are all examples that are attractors of an IFS, for which we
have a fully discrete implementation.
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They are also a rich source of mathematical challenges that are stimulating
exciting new research in modelling, function spaces and numerical analysis.

M. V. Berry, “Diffractals”, J. Phys. A., 1979 - “a new regime in wave physics"

U. Mosco, 2013 - “introducing fractal constructions into the classic theory of PDEs opens a vast
new field of study, both theoretically and numerically”, “this new field has been only scratched”



Preliminaries: Sobolev space notation

We need Sobolev spaces defined on R™:

R = {ue La®): [ (14 gPYla() de < oo},

n

H(RY) = (H'R"), >0,



Preliminaries: Sobolev space notation

We need Sobolev spaces defined on R™:

H*R") = {ue Ly(R"): /]Rn(l + €)% ae))? dé < oo}, s >0,
H™*(R") = (H*R"), s>0,
——_H°(R")

H*(Q) = Cr(Q) C H*(R"),



Preliminaries: Sobolev space notation

We need Sobolev spaces defined on R™:

H*(R™)
H™5(R™)
H*(Q)

(o La@®): [ (4Pl e < oo},

(H*(R")', s>0,

ce@ " e mr @y,

{ve H*(R") : supp(v) C T'}.



Preliminaries: Sobolev space notation

We need Sobolev spaces defined on R™:

@) = {ueLa®): [ A+ P <och 520
H™R"Y) = (H*R", s>0,
H(©Q) = e ) c @),
Hp = {ve H*R"):supp(v) CT}.

Also need “local” versions with no constraint on growth at infinity, e.g.

HY(R") = {v:R"—=C:0ve H'(R"), Vo € C3*(R")},



Preliminaries: Sobolev space notation

We need Sobolev spaces defined on R™:

@) = {ueLa®): [ A+ P <och 520
H™R"Y) = (H*R", s>0,
H(©Q) = e ) c @),
Hp = {ve H*R"):supp(v) CT}.

Also need “local” versions with no constraint on growth at infinity, e.g.

HY'¢(R™) {v:R" = C:0ve H'(R"), Vo € C5*(R")},
HY(Q) = {v:R" = C:ove H'(Q), Vo€ CPR")} C HVOR™).



Preliminaries: Newton potentials

Let A¢ be the standard acoustic Newton potential, defined for compactly
supported ¢ € Lo(R™) by

Ao@) = [ ewo)dy  aew,

where

elklz—yl i

TH (ke =), (0 =2),

(b(xvy) = = 3)a

Az —y|’ "

is the standard fundamental solution of the Helmholtz equation.



Preliminaries: Newton potentials

Let A¢ be the standard acoustic Newton potential, defined for compactly
supported ¢ € Lo(R™) by
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where
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is the standard fundamental solution of the Helmholtz equation.

Then A is continuous as a mapping

A HS- 1 (Rn) — Hs+1lOC(Rn) s R,

comp

where HZ,, (R™) is the space of compactly supported elements of H*(R"), and

(A+E)Ap = AA+E)p=~¢, ¢ € Hlpmp(R").

comp



Preliminaries: Newton potentials

Let A¢ be the standard acoustic Newton potential, defined for compactly
supported ¢ € Lo(R™) by

Ao@) = [ eaom)dy  aer,

where
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is the standard fundamental solution of the Helmholtz equation.
Explicitly for ¢ € H' C Hgl (R™),

Ag(x) = (¢, 0P(x,-)) -1 (Rr)x H (R7) x € Q,
for every
o€ Cor ={p € Cg°(R™) : ¢ = 1 in a neighbourhood of '},

such that = & supp(o).
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Our integral equation formulation for general I'

The scattering problem (SP). Find the scattered field v € EIUOC(R") that
satisfies the Helmholtz equation in €2, the SRC, and that u! € H11°¢(Q).

We've just shown the first sentence of the following theorem.
Theorem If ¢ € H:' then u = A¢ satisfies SP iff

Ap=g:=—Plou') € H(Q)* = (Hp '),

where A := PoA, 0 € C¢%, and P: H'(R") — H'(Q)+ is orthogonal

projection. Further, A: Hy' — HY Q)L = (Hp') is invertible and is a compact
perturbation of a coercive operator, so A¢ = ¢ is uniquely solvable, and Galerkin
methods for its approximate solution are convergent.

Proof of main step of 2nd sentence. percive compact
= —
A:Ak:Al—F(Ak—Al): A; +PO’(Ak—Ai).
For all 3y € HS!, since A; = (1 — A)™Y,

<Ai¢7¢>ﬁl(Q)L xHp! = <Aiw:¢>ﬁ1(Q)L xHp!

(A )iy = [ (L4 DB = [0l

R™
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Preliminaries: Hausdorff measure and dimension, d-sets

For E C R™ and d > 0,
HY(E) € [0,00) U {00},

is the usual d-dimensional Hausdorff measure of E.

The Hausdorff dimension of F is

dimg E := inf{d > 0 : H*(E) = 0} € [0,n].

Given 0 < d < n, a closed set I' C R" is a d-set if there exist ¢, cs > 0 such that
clrdﬁH‘i(FﬂBr(m)) < cor?, zel, 0<r<l1.
This implies that I' is uniformly d-dimensional in that
dimg(T'N B, (x)) =d

for every x € I and r > 0.



Examples of d-sets in two dimensions (n = 2)

Given 0 < d < n, a closed set I' C R" is a d-set if there exist ¢y, cy > 0 such that

ar? < ”Hd(F N Br(w)) < cor?, zel, 0<r<l1.

g(/:- 0{; ) 0{;)

(a) Closure of bounded Lip-(b) Boundary of bounded (c) Line segment screen (d) Multiscreen
schitz domain Lipschitz domain

d= 225042 o losk 4.
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() Cantor set screen () Koch curve (g) Koch snowflake



Trace spaces on d-sets

Let ' C R™ be a d-set and let Lo(T") := {\II :I'—-C: / [T )2dH? < oo}.
r



Trace spaces on d-sets

Let ' C R™ be a d-set and let Lo(T") := {\II :I'—-C: / [T )2dH? < oo}.

r
Let D(R™) := C§°(R™) and let trp : D(R™) — Lo(T") be the trace (or restriction)
operator defined by

trre = ¢lr, ¢ € D(R™),

which is continuous with dense range.



Trace spaces on d-sets

Let ' C R™ be a d-set and let Lo(T") := {\II r—C: / [T )2dH? < oo}.

r
Let D(R™) := C§°(R™) and let trp : D(R™) — Lo(T") be the trace (or restriction)
operator defined by

trro = ¢lr, ¢ € D(R"),
which is continuous with dense range.

Identifying Lo (T") with its dual space, the adjoint tr. : Ly(T') — D’(R™) is given
by

(trr¥, @) prmnyxp@e) = (U, 0@ Ly () = /er dH?, U eLy(T), ¢ € D(R™).
r



Trace spaces on d-sets

Let ' C R™ be a d-set and let Lo(T") := {\II r—C: / [T )2dH? < oo}.

r
Let D(R™) := C§°(R™) and let trp : D(R™) — Lo(T") be the trace (or restriction)
operator defined by

trro = ¢lr, ¢ € D(R"),
which is continuous with dense range.

Identifying Lo (T") with its dual space, the adjoint tr. : Ly(T') — D’(R™) is given
by

(trr¥, @) prmnyxp@e) = (U, 0@ Ly () = /er dH?, U eLy(T), ¢ € D(R™).
r

N.B. (trf W, ¢) = 0 if supp(¢) NI =0, i.e. supp(trfp¥) C I



Trace spaces on d-sets

Let ' C R™ be a d-set and let Lo(T") := {\II :I'—-C: / [T )2dH? < oo}.

r
Let D(R™) := C§°(R™) and let trp : D(R™) — Lo(T") be the trace (or restriction)
operator defined by
trro = ¢lr, ¢ € DR™),

which is continuous with dense range.

Identifying Lo (T") with its dual space, the adjoint tr. : Ly(T') — D’(R™) is given
by

(trp ¥, @) oy x D@y = (Y, tr00)L, () = / To|r dH?, U € Ly(T), ¢ € D(R™).
r

N.B. (trf W, ¢) = 0 if supp(¢) NI =0, i.e. supp(trfp¥) C I
If T is the boundary of a Lipschitz domain then d =n — 1, H? is surface
measure, and trr extends to a continuous operator

trp : HS(R™) — Lo(T), for s > 1/2,

so also tr} : Ly(T') — H~*(R"™) is continuous.



Trace spaces on d-sets

Let ' C R be a d-set and let Ly(T") := ¥ : " - C: / [T |2dH < oo}.

r
Let D(R™) := C§°(R™) and let trp : D(R™) — Lo(T") be the trace (or restriction)
operator defined by
trre = ¢lr, ¢ € D(R"),
which is continuous with dense range.

Identifying Lo(T") with its dual space, the adjoint trf : Lo(I') — D'(R™) is given
by

(trr ¥, @) o ey xD(rey = (Y, t10@) 1L, (1) = / Vol dH?, W elyT), ¢ € DR™).
I

N.B. (trj 0, ¢) = 0 if supp(¢) NI =0, i.e. supp(tri¥) C I'.

If T is the boundary of a Lipschitz domain then d = n — 1, H? is surface
measure, and trp extends to a continuous operator

trp : HY(R™) — Lo(T"), for s > 1/2,

so also tr} : Lo(I") — Hp® € H*(R™) is continuous.
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so that
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S~~~ T S——
S surface measure

If I" is boundary of Lipschitz domain then d =n — 1 and

Atrl-f = Sf = standard single-layer potential
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The set up. n —2 < d < n so trp : H*(R") — H'(T") is continuous and
try : H™%(T') — Hp ' is unitary for tg =1 — (n — d)/2.
We want to find ¢ € Hp!, equivalently ¢ = tr f with f € H~*¢(T), such that

Ap = g & Af=—ur, where A := trpAtrf and
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The Galerkin method (GM). Divide I into disjoint elements 77, ..., Tx with

HA(T;) > 0 for each j and maximum diameter h. Let Vy C Lo (I') € H™%(T)
denote the space of piecewise constants on this mesh and Vy := trf:(Vy) C H{l.

Our GM is: find ¢ € Vi such that

(AN, UN) (D) xH-1(1) = (G UN)H (D) xH-1(T)s  V¥N € VN
Equivalently, find fy € V such that

(AfN, IN)La(r) = — (U, N )Ly (1), Vgn € Vi,
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m,n=1,..., N - see next talk for evaluation!
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Error Analysis. Recall A: H' — HY Q)L = (Hp') is a compact
perturbation of a coercive operator and is invertible. Further, for every

[ eLy(T),

inf || f —gn|lL,ar) =+ 0 provided h—0 as N — oo.
gNEVN

Now Ly(T) is dense in H—*4(T") and tri(H~*(T")) — Hy' is unitary. Thus, for
all i € Hy ', so that ¢ = tr} f with f € H™%(T), as long as h — 0,

w}ifgﬁv 1Y = nllg-r = fNiIel{/N If = fnllg-taqy 0 as N — oo,
so that, by standard arguments, for some Ny € N and C' > 0,

|6 — onllg-r < Cmneﬁv\ |6 = onllg1s N =N
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If d < n—2then ¢ =0, incident wave doesn't “see” T" — see C-W /Hewett 2018

41 is a hard upper limit; H = {0} for s > 45 — see Hewett/Moiola 2017

The new element in the result, the best approximation estimate, is obtained via
Haar-type-wavelet characterisations of the spaces H!(T") and their norms, for

t > 0 in Jonsson 1998 and for ¢t < 0 in Caetano, C-W, Gibbs, Hewett, Moiola
2022.

Under appropriate assumptions, linear functionals .J : HIT1 — C (e.g. evaluation
of u = A¢(x)) exhibit expected “superconvergence”:

17(9) = J(@n)| S K*CHD|glmg, N = No.
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Summary

New integral equation formulation A¢ = g for sound-soft scattering by
arbitrary compact I', with A coercive + compact

When T is a d-set, A is (equivalent to) an integral operator with respect to
H? measure, piecewise-constant Galerkin approximation is convergent,
integrals in Galerkin matrix and right hand side are with respect to H¢
measure — see next talk!

When T is an IFS attractor we obtain convergence rates, assuming solution
regularity assumptions that have not yet been proved =- open questions in
PDE/integral equation theory!

But numerics agree well, in many cases, with theoretical error bounds
assuming highest possible solution regularity = conjecture that highest
possible regularity is achieved

Currently our analysis requires IFS disjoint - future work might include
extension to non-disjoint fractals such as the Sierpinski triangle




References

@ A. Caetano, S. N. Chandler-Wilde, X. Claeys, A. Gibbs, D. P. Hewett, A. Moiola,
Integral equation methods for acoustic scattering by fractals,
https://arxiv.org/abs/2309.02184, 2023.

@ A. Caetano, S. N. Chandler-Wilde, A. Gibbs, D. P. Hewett, A. Moiola,
A Hausdorff-measure boundary element method for acoustic scattering by
fractal screens, https://arxiv.org/abs/2212.06594, 2022.

@ A. Jonsson, Wavelets on fractals and Besov spaces, J. Fourier Anal. Appl., 4, pp.
329-340, 1998.

@ A. Caetano, D. P. Hewett, A. Moiola,
Density results for Sobolev, Besov and Triebel-Lizorkin spaces on rough sets,
J. Funct. Anal., 281(3), 109019, 2021

@ S. N. Chandler-Wilde, D. P. Hewett, A. Moiola, J. Besson,
Boundary element methods for acoustic scattering by fractal screens, Numer.
Math., 147(4), 785-837, 2021

@ S. N. Chandler-Wilde, D. P. Hewett,
Well-posed PDE and integral equation formulations for scattering by fractal
screens, SIAM J. Math. Anal., 50(1), 677-717, 2018

Links and preprints available at www.reading.ac.uk/~sms03snc



