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ABSTRACT. In this paper we consider the 2D Dirichlet
boundary value problem for Laplace’s equation in a non-
locally perturbed half-plane, with data in the space of bounded
and continuous functions. We show uniqueness of solution,
using standard Phragmén-Lindel6f arguments. The main re-
sult is to propose a boundary integral equation formulation,
to prove equivalence with the boundary value problem, and
to show that the integral equation is well posed by applying
a recent partial generalization of the Fredholm alternative in
Arens et al. [2]. This then leads to an existence proof for the
boundary value problem.

0. Introduction. This paper is concerned with the boundary
integral equation method for a problem in potential theory, namely
the Dirichlet boundary value problem in a non-locally perturbed half-
plane. The main aim of the paper is to discuss the well-posedness of
this problem and of a novel second kind boundary integral equation
formulation.

Our motivation for studying this problem is that it arises in the
theory of classical free surface water wave problems, for which boundary
integral equation methods are well-established as a computational and
theoretical tool [3, 4, 8, 13]. In particular, accurate numerical
schemes, based on boundary integral equation formulations, for the
time dependent water wave problem have been proposed and fully
analyzed in [3, 4, 13], these papers providing a full nonlinear stability

Keywords and phrases. Boundary integral equation method, Water waves,

Laplace’s equation.
Received by the editors on October 20, 2005, and in revised form on January 19,

2006.
DOI:10.1216/JIE-2008-20-1-121  Copyright ©2008 Rocky Mountain Mathematics Consortium

121



122 M.D. PRESTON, P.G. CHAMBERLAIN AND S.N. CHANDLER-WILDE

analysis for the spatial discretizations they propose. A significant
component in this analysis is the well-posedness of the boundary
integral equation formulation.

A key restriction in the analysis in the above papers is the requirement
that the free surface be periodic (in 2D) or doubly-periodic (in 3D).
This restriction is helpful theoretically and computationally. It enables
the boundary integral equation on the free surface to be reduced to
one on a (bounded) single periodic cell, which can then be discretized
with a finite size mesh. Moreover, the boundary integral formulation
is of second kind with a compact integral operator, and therefore
standard Riesz/Fredholm theory gives well-posedness via the Fredholm
alternative.

As a step towards a broader extension of the results of [3, 4, 13],
this paper is concerned with studying the Dirichlet boundary value
problem for Laplace’s equation in a perturbed half-plane €2 without the
requirement that the boundary 09 of 2 be periodic. To simplify our
task somewhat, we impose other conditions on the boundary, namely:
the boundary surface is the graph of a bounded continuous function
(this excludes configurations relevant to breaking waves); the surface
is sufficiently smooth (at least Lyapunov, that is, the unit normal
direction is Holder continuous).

We note that there exists a well-developed L? theory of the boundary
integral equation method for the Dirichlet problem when the boundary
is the graph of an arbitrary Lipschitz function and the Dirichlet data
is in L?(09Q), see e.g., Verchota [19], Meyer and Coifman [15] and the
references therein. However, this theory does not extend to the case
of data in L*°(99). In particular, even if the boundary is smoother
than Lipschitz, the standard double layer potential operator is not well-
defined on L>°(0).

Addressing this difficulty, our aim in this paper is to develop a theory
which includes the case when neither the surface elevation nor the
Dirichlet data exhibit decay at infinity. To obtain a boundary integral
equation formulation appropriate to this case we make the ansatz that
the solution can be represented as a double layer potential supported
on the (infinite) boundary of the domain, with the twist that we replace
the standard fundamental solution of Laplace’s equation in 2D with the
Dirichlet Green’s function for a half-plane Qg that strictly includes
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the domain 2. We note that the case of periodic surface elevation
and Dirichlet data will be included as a special case in the theory we
develop.

The boundary value problem we solve and the double-layer potential
are specified precisely in the next section. In Section 2 we describe
the properties of the half-plane Green’s function and the double-layer
potential; the main issue is the unboundedness of 92 and how this
affects the double-layer potential and its mapping properties.

In Section 3 we state the boundary integral equation and we prove
results on its well-posedness, and this enables us to establish the well-
posedness of the boundary value problem. In general terms, the ar-
gument follows the usual pattern: we first show uniqueness for the
boundary value problem and next establish that the integral equation
formulation has at most one solution. Finally, we deduce existence of a
solution to the integral equation, and thus to the boundary value prob-
lem. However, the unboundedness of 0} adds significant difficulties
to the analysis. First of all, uniqueness of solution for the boundary
value problem requires a Phragmén-Lindel6f argument. Establishing
uniqueness of solution for the integral equation requires study of an
additional mixed Dirichlet-Neumann boundary value problem in the
infinite domain Qg \ Q. To deduce surjectivity from injectivity for the
integral equation we cannot use the Fredholm alternative as the inte-
gral operator is not compact. Instead we use a partial generalization of
the Fredholm alternative, due to Arens et al. [2], which applies when
the operator is only locally compact.

Notation. Throughout this paper x and y will denote points in the
plane R? such that * = (z1,72) and y = (y1,%2). Given G C R?,
let BC(G) denote the space of (real-valued) bounded and continuous
functions on G. For 0 < o < 1, let BC%*(G) C BC(G) denote
the space of functions that are bounded and Holder continuous with
index . Let BCL®(R) denote the space of functions ¢ : R — R
that are bounded and continuously differentiable with ¢’ € BC%*(R).
Similarly, for a domain G C R2?, let BCY*(G) denote the space of
bounded functions 1 € C(G) for which Vip € BC%®(G). All of
these function spaces are Banach spaces with their respective norms.
In particular, the standard norm on BC(G) is ||||pc(q), defined by
[¥llBo@) = supyeq|¥(2)| and that on BC**(G) is [I]|pcoa(a).
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(a) The lines I', 'y and f+ (b) The domain (c) The domain Qg
FIGURE 1. The domain for the boundary value problem.
defined by
[Y(x) —¥(y)
4] Boo.e(ay = ¥l Bo@) + sup ————.
(@) (@) e |z — y|*
TFY

1. The boundary value problem. Throughout we suppose that
f € BCY*(R). The problem we wish to solve will be set in the region
Q= {x € R?: 25 < f(x1)} with boundary I = {(z1, f(x1)) : 21 € R}.
Since f is bounded there exist f_, fy € R such that f_ < f(x1) < ft
for all z; € R and since f’ is Holder continuous, I is a fairly smooth
(Lyapunov) surface.

This paper is concerned with the solution, via a boundary integral
equation method, of the following Dirichlet boundary value problem:
Given ¢y € BC(T), find ¢ € BC(Q) N C%(Q) such that

(1) p=¢p on I' and A¢p=0 in Q.

We choose H > fi. Then Q C Qp where Qp :={z € R? 129 < H}
and 'y := {x € R? : 23 = H}. Now let

(I)H(xay) = @(x,y) - Q)(x’yr) = q)(xay) - q)(xray)v
r,y€Qu, =#vy,

where y" := (y1,2H — y2) is the reflection of y in 'y and

1
(b(l‘,y) = _%hl'x_y'a fU,yGRQ, J??éy,
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is the standard fundamental solution of Laplace’s equation in two
dimensions. Then ®g is the Dirichlet Green’s function for the half-
plane Qp.

To solve the boundary value problem we will look for a solution in
the form of the double-layer potential

) o) = | T () dsto), w <,

for some density p € BC(T'). Throughout, n(y) = (—f'(y1),1)/
14 f/(y1)? will denote the unit normal vector at y € T' directed

out of Q. We will abbreviate the norm on BC(T") by ||-|lec, so that

[illoe = llullBory = supger [(z)]. Explicitly, for y € I', z € Qp,

0%u(a,y) _ 1 (x—y)nly) 1 (@ —y)nly)

on(y) 2r | —yP? 2r 2 —yP?

We will see shortly that ¢(x) is well-defined by (2) for all x € Qg
(as a Lebesgue or Riemann improper integral). This statement is no
longer true if we replace @y by ® in (2) unless p decays sufficiently
rapidly at infinity, e.g., u(z) = O(|z|~°) as |x| — oo for some b > 1. Tt
is this fact that makes the choice of ® 5 instead of ® in (2) essential to
the analysis that is to follow.

As f € BCY®(R), by definition, there exist constants Cy/ and C,
such that

(3) |f'(z1)] < Cpand  |f'(z1) = f'(y1)] < Calzr — 1],

for z1,y1 € R. We also define the constant Ci, := /1 + C?, that will
be used later. Further, defining 6+ := 2(H — f+), it holds that

0<d-<|y—y"|<d4, yel.
We begin by establishing some straightforward bounds.

Lemma 1.1. For z,y € T, |(x — y).n(y)| < Colz1 — 11T and
In(z) = n(y)| < V5Calz1 — ya|*.
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Proof. Let g(y1) := +/1+ f'(y1)?, y1 € R. By (3) and applying the
mean value theorem, we have, for some £ between x1 and y,

(1 — y1)(f'(y1) - f'(§))

< Clry — g e
9(y1)

|(z —y).n(y)| =

Further,

Lf (1) + f'y)llf (1) = £ (y)]
g(x1) + g(y1)

| [e%

< Cqlzr — 11

lg(z1) — g(y1)| =

and so
|f (x1)g(y1) = f'(y1)g(z1)]
g(z1)g(y1)
_ ‘ (f'(z1) = f'))g(yr) (i) (g(z1) — g(y1)) ‘
g(z1)g(y1) g(z1)g(y1)
< 20a|x1 - y1|a-
Thus,

i — (F@)aw) = g\ (gla) — )’
nte) -y = (HRAE R ) (S0) 2R

< 5C§|$1 — y1|2a. O

2. Properties of the double-layer potential. In this section we
establish the behavior of the double layer potential given by (2) when
w € BC(T'). Throughout this section let ¢ denote the double layer
potential defined by

(1) o) = [ Pty ds(y), € T,

for some p € BC(I).

We first derive a key bound on the integrand, given by (5) below.
This requires a simple preliminary result.
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Lemma 2.1. Ifx € Qy, y € ' and x # vy, then

3|z —a”|
v,® < —.
| Yy H(x’y)|72ﬂ'|$—y|2

Proof. We have 0 < |z —y| < |z —y"| and 0 < |z —y"|> — |z — y|* =
|z —a"[|ly —y"[- So

1|z—a" (@ =y (z—yP—lz—yP)
V,®u(z,y)| = —
Vo= oy o= yPle P
— T T __ _ T A o
< Lzt ylle — 2Ty — y
T2 |z -yl |z —y|?|lz —y"[?
T T _
o=l [ oy e~y
T 2nlz —yP? |z —y"|
3|z — a7
<7)
T 27|z — y)?
as required. ]

It now follows from Lemma 2.1 that

x€Qy, yel.

(5) ‘8@H(m,y)‘ < 3|H — z2| 304

on(y) |~ wlr—yl* T 27z —y|*
This bound, together with Lemma 1.1, implies that the double-layer
potential ¢(z), given by (4), is well-defined for all z € Qg and pu €
BC(T"). Further, it follows from the bound in Lemma 2.1 together with
standard local elliptic regularity results [10, Lemma 3.9 and Theorem
4.1] and standard results on the differentiation of functions defined
as integrals, that the following lemma holds. Here and subsequently
I'":={2" : x € T'} denotes the image of I" in I'y.

Lemma 2.2. ¢ € C*(R?\(T'UT")) and is harmonic in R%\ (CUTT).

Having established that ¢ is harmonic above and below I', we now
prove that it can be continuously extended onto I, specifically that the
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standard jump relations for the double-layer potential remains valid in
this case.

Theorem 2.3. ¢ can be continuously extended from ) to Q and from
Qu \ Q to Qg \ Q with limiting values

©  ox) = [ TSI ) ds) £ gule). a el

where
o4 (x) := hlirg+ ¢(z £ hn(x)).

Proof. 1t is clear, from the bounds in Lemmas 1.1 and 2.1, that the
right-hand side of (6) is continuous on I'. So we only need to show
that, for every z* € I, ¢(z) — ¢4 (z*) as ¢ — z* with z € Q and
(z) — ¢_ (%) as x — z* with x € Qp \ Q, and ¢4 (z*) given by (6).

Suppose z* € T" and define ¢ € C(T") so that 1) is compactly supported
and ¥(y) = 1 in a neighborhood of z*. Let I; and I represent the
double-layer potentials with densities ) and u(l — 1), respectively,
so that ¢ = I; + Ir. Then, by Lemma 2.2, I, is continuous in a
neighborhood of x*. Further, from the standard jump relations for the
double-layer potential on bounded Lyapunov domains, [16, Theorem
18.5.1 and Chapter 18, Section 13] or [11, Chapter 2, Section 3,
Theorem 2], it follows that I1(z) — I; _(z*) as ¢ — z* with x € Q and
Ii(z) — I 4 (2*) as © — 2* with € Qg \ Q, where I, 4 (z*) is given
by

(o) = [ ZREEEI i) dsfy) + uta”)

(To see that the results of [11, 16] apply, note that we can consider I
to be a standard double-layer potential supported on a closed Lyapunov
curve with density which is zero except in neighborhoods of z* and its
image point z*".) Combining these properties of I; and I> the result
follows. (We note that this partition of unity technique has been used
previously: for the two-dimensional case, see e.g., [6], and for the three-
dimensional case, see e.g., [5, 17]). o

Corollary 2.4. With ¢+ defined as in Theorem 2.3, it holds that
p=¢r — ¢
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Arguing similarly to Theorem 2.3 we also have the following result.

Theorem 2.5. The normal derivative of ¢ is continuous across I’
in the sense that, for x € T,

(7)) n(z).(Vé(x + hn(x)) — Vo(z — hn(z))) — 0, as h — 0.

Further, (7) holds uniformly for x on every compact subset of T.

Proof. Tt is sufficient to show that, for every z* € T', (7) holds
uniformly for z in a neighborhood of xz*. So suppose z* € I' and
define Iy, I and v as in Theorem 2.3. Arguing as before we have that
I5 is continuously differentiable in a neighborhood of z*. To see that Iy
satisfies (7) we apply the standard jump relations [16, Theorem 18.5.2
and Chapter 18, Section 13]. o

We next prove that ¢ is bounded in Qg (which, of course, includes
r).

Theorem 2.6. There exists a positive constant Cr, dependent only
ona, fv, H, Cy and Cy/, such that

® o) = | [ T ) dstr)| < Crllal, o €

Proof. Note first that, for p € BCT'), = € Qp, and defining
Ip:={yel:|z1—yl| <2+},

/ 8¢H(l‘,y)
r On(y)

u(y) ds<y>\ < Nl nenr (&) + True ()]

where
L aq)H(xa y) s
Inear(x) o — /Fx 81’1(y) ‘d (y)v
Trar(@) := /1“\rm on(y) ‘ds(y)
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We now bound I, and I,e. separately.

To bound I, note that, for x € Qp, y € T,
lx—yl > e —yul — |y —yul = v —y* > |z — yulllz — yu| — 64,

where yg is the projection of y onto 'y, that is, yy = (y1,H). If
y € '\ T'; then

6<1| |<1| |
—|lx] — —lx — .
+721 y172 YyH

Thus, for € Qp, y € T\ Ty,

o~ yal? = Sl — ) + (F — ).

N |

|z —y* >

Using this inequality, the substitution r = (1 —y1)/(x2 — H) and (5),

we have
3(H—J?2)
Ifar x S/ 7(15 Yy
(@) M\, Tz — y|? )

< 6C(int /oo (H - 332)

T S (@) 4 (22— H)?
in o 1

60 L / dr = 60int~

T o 1472

dy

IN

We initially bound Iea; by

Inear(x) < Il(x) + IQ(J)), r € Qy,

L(x) ::/F
- 00 (2", y)
hz) = / ony)

To bound I; we note that, where s = x1 — y1 and ¢t = |z — f(z1)] (so
that t = 0 if z € T'), it follows by the triangle inequality that

where
0% (z,y)

jaﬂﬁﬂddw,

‘ ds(y).

(s> + V2 <o =y + |f(21) = Fly)| < (L+Cp)lz —yl.
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Further, for € Qp and y € ', where zp := (21, f(x1)), it follows from
Lemma 1.1 that

|(z —y).n(y)| < |(zr —y)n(y)| + |(z — zr).n(y)| < Culs|* T +¢.

Using these bounds we have

/| M\ds@):i/m

(z —y)n(y) ‘ ds(y)

On(y) 2 |z —y[?
Cint(l +Cf’)2 /25+ |5|1+(y +td8
- 27 _9s, S22
. )2 o

S Clnt(l +Cf ) (Co((26+) —|—7T>

2T «a

To bound I, we have, for all x € Qp,
Ob(z,y)| 1 1 _ 1
on(y) |~ 2wz —y"| — mo_’

Thus,

5‘CI)(:E, ,y'r) Cint / 4Cint5+
-7 7 < = .
on(y) ds(y) = wo_ Jr, ds(y) mo_

J.

Putting these bounds together, we have shown that (8) holds with

4 1+ Cp [ Co(26,)°
CF:Cint<6+%+ + G (C (a5+) +7T)). O

To_ 21

Properties of the double layer potential evaluated on the boundary
I’ are particularly important. We define the double layer potential
operator K by

o) Y(y)ds(y), z €T,

(9) (K¢)(z) =2

for ¢p € BC(T).
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2r
Ty } |

I'y

y2 = f-—1

FIGURE 2. The point xz, the surfaces I's and I'y.

We now prove three mapping properties of the operator K. These
mapping properties are:

K : BC(T') — BC%(I)

K : BCYP(T) — BCY A1), ifa+ B < 1

K : BC*(T) — BCH*+P=(T) if B € (0,1) and a + 3 > 1.

We first prove the first two properties together. It is convenient in

this proof to use the notation BC"?(I') for BC(T') and, for 3 € (0,1),
BCYP(T) is the set of ¢ : ' — R for which ¢ € BC"#(R) where

o(x1) = (21, f(21))).

Theorem 2.7. For 8 € [0,1 — «), K is a bounded operator from
BCY8(T") to BCY*+A(T). In particular, for some C' > 0, depending
only on o, B, f+, H, Cy and Cyr,

(10) |Kp(z) — Kip(2)] < CllYllpeosryle — 21*1F, =,z €T.

Proof. We already know, from Theorem 2.6, that K¢ € BC(I") with
1Ko < 2Cr||%]|co- In the straightforward case where x, z € T with

|x1 — 2z1] > 1, we have

| K (x) — Ko(2)] < ACT[[$llso < 4Cr|[% ]| peos e — 2[*F7.
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To consider the case when z,z € " and |z; — 21| < 1, we write

Kiy(z) — Kyp(z) = 2[I(z,z) — I(z", 2")],

_ [ [9%(z,y) 02(zy)
te) = [ [Ty = Tt 0 )

where

133

We examine I(z, z) first. Let Ty :={y € T': |[z1 —y1| < ¢}, for t > 0,

andlet 'y i={y € Q:y1 =21 2,90 > f- =1} U{y : Jo1 — 1] <
2,y2 = f_ — 1}, and note that the interior of I's U T is a Lipschitz
domain. By Gauss’s theorem and Green’s first theorem, cf. [7, (2.42)],

we know that

0P(w,y) v 1
(11) \/FQUFU 81’1(:{]) d (y) 9’ € FQ;

and thus

/ [aw,y)_a@(z,y)
Ul on(y) on(y)

Using this identity, we split I(z, z) into four integrals,

J ast) =o.

Iz, z) = L(x,2) + Iz, 2) + Is(x, 2) + I4(z, 2),

where

o 8¢(x,y)_8<1>(z,y) () ds
nw) = [ |Gt - S ) - v asio),
(

. 00(z,y)  02(2,y) (e
B2 = | \[ ) }Wy) ()] ds(y),

on(y on(y)
. 0P(x,y) 3 0D (z,y)
I3(z,2) == /1“\1“2 { an(y) an () ]w(y) ds(y),

= —(z 0®(z,y) _ 0%(zy)
(e.2) = —o(a) [ [ S - Tt }ds<y>7

in which r = |21 — 21| < 1, see Figure 2.

By Lemma 1.1, for z,y € T,

a—1
on(y) '

1
‘ < %CMJH — 1|



134 M.D. PRESTON, P.G. CHAMBERLAIN AND S.N. CHANDLER-WILDE

Note also that, for @,y € T\, [i/(y) = ¥(@)] < 2llloe = 2l pooor.
Thus, for 0 <A< 1—a,

[Y(y) — ¥(x)| < 2[|] Beo.srylr — y?
< 2C£1t||1/)||300ﬂ(1“)|$1 — 7.

To bound Iy, we note that if |z1 — y1| < 2r then |21 — y1] < 3r, and
therefore

1
(12) [L(z,2)| < ~CiCallllpoonm (2r)’

[ [ et ast+ [ —y1|a—1ds<y>}
FQT FQT

1 2r 3
= %CiﬁﬁCMW”BCOWD(27“)6[/ |5|"‘1ds+/ Isla‘lds]
2r

— —3r

1
< -2 4+ 3G Call | ooam o — 2|77,

int

Turning to Iz, we note that if |1 —y1| > 2r, £ € T' and & lies in
the closed interval between z1 and z1, then |£& —y1| > r > |& — 24
so |1 — 1| < |x1 — &)+ |6 — v1] < 2]& — y1]. So, by the mean value
theorem, we have

1 1 |z — z|

— <16 -
|z — y|? |z —y|? lz1 — 313

and, by Lemma 1.1,

n(y).(z — 2)| < [(n(y) — n(z)).(x - 2)| + [n(z).(z — 2)|
<VBCalz1 — y1|*[a — 2| + Calzr — 21|
Combining these inequalities we have, for 2r < |z; —y1| < 2, that
|21 — y1| < 3lz1 —91]/2 and
00(x,y) a@(z,m‘
on(y) On(y)

1) |

1 1 1 1 In(y).(z — 2)|
S I P S v

1 [/24(3¢
S%( 2(a )+\/3+1>Ca|x—z||x1—y1|a2,
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so, letting Oy := ((24(3%)/2%) + /5 + 1)/(27),

la(a,2)] < 261CaCl Wl cosryla ~ 2| [ o s
T'o\I's

int

2
< AC1CoCEFP 9] peos oyl — z|/ s*ti=2 g
2r

9l+a+s s "
< Ta =Gt Il men oy e = 2174,
To bound I3 we note that, for i = 1, 2,
0 0%(z,y) 1 (z — y)n(y)
Ox; On(y) 2|z — y|2 n;(y) iz — g2 (xi — yi)
so that

oz —y| 72

(14) ‘vxa@(x,y)‘ < 3v2

on(y) 2
Hence, by the mean value theorem,

00(z,y) _ 02(z,y)| _ 3v2

on(y) on(y) |~ 2w

Thus, since, fory € T\Tg, |z—y| > |z—y|—|z—2| > |z—y|-1 > |z—y|/2,
it holds that

& — z[max{|e —y| 7%, [z — y| 7).

00 (x,y)  0Ph(z,y)| _ 6v2 .
1 _ < _ _ .
(15) on(y) ) | < x |z — z||z — |
Hence,
122 o0
10,2 < 2 ke 21 [ 57 s
m 2
6v2

< Tcint||w”BCO>9(F)|x —zl.

Now turning to Iy(x,z), we can apply (15) once more to get, since
|x —y| >1and |z —y| >1on Ty,

3v2
i, 2)] < %nwmm—a/m ds(y)
3v2

™

IN

B+ fr — [l Boosmle — 2.
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Finally, we examine the reflected portion. By applying (15) and
noting that I(z",2") is never singular we can see that

_09(z",y)
on(y)

2] < ol [ [Tt sl

3v2 B
< 5Pl = 2| [ max{far =yl 2|27 512 dsty)
™ r
3v2 ]
< Tcimlleoolx—Zl/o mds
3\/ic(in
< Tt||¢|\300ﬁ(r)|ﬂ? - z|.

Therefore the required bound (10) holds. O

In the next theorem, and in the rest of the paper, for z € T', let t(z)
denote the unit tangent vector, with the horizontal component of t(z)

chosen to be positive (explicitly, t(x) = (1, f'(z1))/+/1+ f'(z1)? ). For
¢ € CHI), z €T, we define

99, + o (1 t+h, flz1+h)) —é(z)

s (@) = lim I ’
where orth

l:= V14 f(s)?ds.
Let
_ 1 [t@)nly) ,(@—y)ny(z—y)t)
) =5 | I ’

for z,y € T.

Theorem 2.8. If 3 € (0,1) and a + 3 > 1 then K : BO%3(I") —
BCY+t8=1T) and is bounded. Precisely,

U _ [ o) — da” )ot) - ¥ sty =T
S r
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Ty | |

2=/ -—1 ¢

t+1

FIGURE 3. The point z, the surfaces I'y; and 'y 4.

and for some constant C > 0, dependent only on «, 3, f+, H, Cy, and
Cyr,
OK ()  OK(2)
ds ds

< C||¢HBCO,5(F)|$ _ Z|(y-|-;3_17

forx,z €T,

Proof. Let @ = (z1, f(x1)) € . For h € R, let xp, = (1 + h, f(z1 +
h)). Then zp € T is distance [ along I' from = and we need to examine
[K(xp) — K1(x)]/l. Choose m € Z so that m < z1 < m + 1 and, for
t>1, set

={yel:m—-t—1<y; <m+t+1},
MLy ={yeQiyp=m=E(t+1),y2 > f -1}
U{y:|(m7f*_1)_y|:t+17y2§f7_1}a

see Figure 3.

For t > 1 let K; denote the double layer potential operator over the
surface I'}, given by

Kyp(z) = | ————>9(y)ds(y).
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Clearly, |I', ;| < wt + 04, and if t > 04 /(4 — 7) then [T, ;| < 4¢. The
domain enclosed by I"}, UF/u,t is a closed Lipschitz domain and, applying
(11), we have

SK (o) — Keb(o)]

/ [8¢(ﬂch,y) 99(,y)
rpL ony)  In(y)
0®(zp,y)  0®(z,y)

[ on(y)  On(y) ]W(y)_w(a?)]dS(y)

(
oo [ [20e)_ 28]

] ¥(y)ds(y)

on(y) on(y)

_ / (2, 9)[$ () — ¥ () ds(y)

where

dp(z,y) = 1{8‘1)(””“9) _ 0%(z,y)

[ On(y) on(y)

and

Le) = [ da )bt = v dso).
Be)= [ ) v ds)

(@)= [ dule)ds(o)
Now the integral I1(z,z) in the proof of Theorem 2.7 is identical to
I, (x)/l, if we set r = h. We again use the notation I'yp, = {y € ' :
|x1 — y1| < 2h}. So substituting z = x5, in (12) and as a+ 3 > 1 we can
see that |I,(z)] < 2'7(2% 4+ 3)C2* Cu 9| poosyh®tP =1 /m — 0
as h — 0.

We now define

dn(w,y) = 0 y € I'op,
MEYZ  dn(w,y) y € T\ Tan,
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so that

(@) = [ (e )[v0) ~ o) ds(o)
Taking z = x5, t > 1 and using (13) we see that |dy(z,y)| <
C1Cq|z1 — y1|*72 for y € 1 \ Ty and with C; defined as in the proof
of Theorem 2.7. Similarly, using (15), |dp(z,y)| < ¥/2|x1 — y1|~2 /7 for
y € T\ Ty. Thus, for 0 < h <1,

5 CiCalzr —y1|*2? yeTy,

dp(z,y)| < D(z,y) :=

e < e ={ gL Ve
Now D(z,-)[¢(-) — ¥(z)] € L}(T}) and, for  # y, dn(x,y) — d(x,y)
as h — 0. Hence, by the dominated convergence theorem we have, as
h — 0,

@)= [ )b - vi)] dst).
It is clear that
L) = [ d(wy)dsy)

Tl
as h — 0 so that
8Kt¢(37)

(16) R~ tim 1K (1) — ()]

_ / d(a,y)bly) — ()] ds(y)

t

— () d(z,y) ds(y).

Tl
Now for z,y € I' and = # y, we have the bound
3
1 d < Lz -y 72
(17) (@, y) < 51z —y]

Hence by (15) with z = x5, and letting ¢t > d4/(4—m), so that
| [ ds(y)| < 4t, we have

62 _
) | dew) ds<y>\ D P
Tl T Jry,
< 6_\/51&_2 ds(y) < 24\/51?_1.

7r 7r
T
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Arguing similarly to the derivation of (16) and (18), we have

/F A", y)(y) ds(y) = / d(z",y) (Y (y) — () ds(y)

I

—1(x) d(z",y)ds(y)

’
Fu,t

/
t

and
24+/2
d(x,y)dS(y)‘ < U2
T

/r

Thus, and by (16) and (18),

MTi(x) B /r\r; (d(z,y) — (@, y)d(y) ds(y)

" / (d(z,y) — @, 9)((y) — () ds(y)
Ty

~ Y(a) / (d(z,y) — d(a",y)) ds(y).

’
u,t

Letting t — oo we see that

&%@ - /F[d@’ y) —d(z", y)|[Y(y) — P(z)] ds(y),

for x € ', as required.

We now show that the surface derivative is Holder continuous.
(K¢) (x) := 0K (z)/ds will be a useful shorthand to employ for the
next section of the proof.

For z,y € T we show a further inequality for d(z,y). As t(z).n(y) =
t(z).(n(y) — n(x)) and by applying Lemma 1.1 we have

1
(19) ld(@,y)l < 52+ V5)Calay — 1|2,

Using (17), (19) and as ¢ € BC%?(T") we have

1 1 -
|(K)'(z)] < }(24' \/E)Cacilntﬁ||¢||300ﬁ(r)/ |2 ds
-1

3 R
+;Cint||w”BCOvB(F)/ |s] *ds
1

<

((2 + \/E)Caciit + 3)Cint||w||BCO’ﬁ(F)'

2=
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Let Cy := ((2+ \/B)Cacﬁt +3)Cint /7 and therefore (K1) (x) exists as
an improper integral.

We now consider |(Kv) () — (K¢)'(z)|. For |1 — 21| > 1, we can
utilize the above bound to obtain

[(K9) (z) = (K)' ()] < 2C2]|¢l poosry < 20|l poo.sryle—z*TF 7

Similarly to Theorem 2.7, we split the integral into parts for |z1 — 21| <
1, namely,

(Kv)'(x) = (Kv)'(2) = 2[I1 (2, 2) + L2(, 2) + Is(x, 2) + Lu(z, 2)]

where

Lz, 2) = d(z,y)[Y(y) — ()] = d(z,y)[¥(y) — ¥(2)] ds(y),

Tar

Iy(z,2) = / ) )y )] dsty)
Iz, 2) = / ) ) — o] ),
Lz, z) = / o, A ~vE)ds)

with r = |21 — y1|. We bound I; in the same manner as in Theorem 2.7.
By (19) and as |z — y1| < 2r implies |21 — y1| < 3r,
|11 (2, 2)|

1
< %CilntBC&HwHBCOﬁ(F) [/

2r 3r

|s|*FP=2ds + /

r —3r

|s|a+HP—2 ds]

1
< =(20H871 4 308N OOy 19| poos iy |z — 2|1
Vs

int

Before we can proceed to the next two integrals, we must prove a
final inequality for d(x,y). We again note that |z1 — y1| < 2|& — 1], if
2r <|z1 —y1] and & € [x1,21], £ € T. So by the mean value theorem,
we have

1 1 |z — z|
le—yl* z—ylt T e -l
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Further, from Lemma 1.1, we can deduce that |t(x) — t(y)| < V5C4 x
|z1 —1|® and [(z —y).t(y)| < Calzr —yi|'**. Now by applying
the above bounds, |z1 —y1| < 3lz1 —y1l/2, |v1 — z1] < |x1 — 11]/2,
|z — y| < Cint|z1 — 1| and |21 — 21| < |z — 2|, so that

n(y).(z —y)t(x).(z —y) n).z-—ytk).z-y) ‘

|z —yl* |z —y[*

:‘< Lo )n@)@—yﬁ@ﬂz—w

lv —yl* |z—yl*

oy () = )(4(@) ~ ) (2~ )
+0(y).(z — 2)t(2)-( — v)
iy e —p)H)o - 2)|

< C3Calz — 2|1 — ya| 72
and
‘t($)~n(y) _ t(2).n(y)
lz—yl* |z —yl?
L s [I(6(E) — ) ()] +
le—yl>  [z—yl?
< CiCalz — 2|21 — 1|7
where O3 = 223%teC2-* 4 /500, + 20713 £ 1) and Cy =

int
2t3ltecloa 4 \/5C2, . Hence,

n(y)-(t(z) — t(2))|

|z —yl?

1
(@, y) = d(2,9)| < 5-(2C5 + Ca)Calw — 2|%w1 — y1| 2.

Thus turning to I we have

1 2
[la(z,2)] £ 2204+ C)CaCin oyl — 21 [ 15?2 ds
27

1
< —2771 (205 + 3)CaCime ¥l oo nylle = 2T + |2 = 2]°].
For I3 we utilize (17) and the mean value theorem again to obtain
3 <
(e, 9] £ 2Culbllsensle =2l [ 15 2ds
2
3
< = it [l Boo.s |z — 2].
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'

r\r —_—

'4

o]

FIGURE 4. The point z*, the surface I' \ I'* and the domain Q.

To bound Iy, by (19), we obtain

oo

(2 + VB)Cunt [l s o — 21° / 15122 ds

2r

IA
= =

[La(z, 2)]

< =272+ VB)Cine [t poo.s (ry |l — 2|71

Thus we conclude that Kt € BC%*+/~1(T"). o

Remark 2.9. Let N € N be such that Na > 1. Then we can apply
Theorem 2.7 repeatedly to see that K~ : BC(T') — BC%#(T') for all
g € (0,1). Finally, we now apply Theorem 2.8 to this result to see that
KN+ BC(T') — BCYA(T) for every 3 € (0, ).

Theorem 2.10. If u € BCHP(') and § € (0,1), then for the
double-layer potential ¢, defined by (2), it holds that ¢ € BCYA(Q))
and ¢ € BCYP(Qp \ Q).

Proof. From Theorem 2.3 and Theorem 2.6 we see that ¢ € BC(Q)
and ¢ € BC (g \ Q). It remains to show that V¢ € BC%5(Q) and
V¢ € BCY(Qy\Q). Let o* := (27, f(z7)) € T, and define x € C*(R)
such that, for y; € R,
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17 |y1| S 1/27
X =
W) {o, | > 1.
Let I'y == {y € I' : |yn — 27| < 1} and I'" :

= ={yel:|p—2i <
1/2} € T'y and, fixing 0 < ¢ < 1/2, Qf := {y € Qn : |y1 — 2| <

1/2 — €}, see Figure 4.
Next we split ¢ into three parts,

gﬁ(x) = Il((E) + IQ(iL‘) + Ig((E), T € QH,

where
R = [ P ) (1~ X~ ) (o)
By = [ e - ) dsto)
h(e) = [ T (et = m) dsto)

We now examine I;, Iy and I3 separately. We take C' > 0 to be a
constant independent of x*, but not necessarily equal at each use. By
Lemma 2.2, I1 () is harmonic in € and, by Theorem 2.6, I; is bounded
for x € Qp, by

[ (2)] < Crll1 = Xlsollpllce = Cllpllco-

Furthermore, by the elliptic regularity results [10, Theorem 3.9, Lemma
4.1] and as 2 is at least distance e away from I' \ T'*, then VI; €
BC%1(Q7) and

1
VL] poor(a:) < CEHMHOO-

Now, by [11, Chapter 2, Section 19, Theorem 3] and as u € BCYA(T)
then VI, € BC*#(Q) and

VL2l poos@ < CliXlsersmllpllpersr-

Similarly, VI, € BCO”B(QH\Q) and ||VIQ||BCO,ﬁ(QH\Q) < C”MHBCLB(F)-
It is clear that I3 € BC?(Qy), i.e., I3 is bounded and continuous with
bounded and continuous first and second derivatives, and we have

V13| peoran) < 3l Bozian) < C.
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Thus, there exists C > 0 such that ||V¢||Bcoﬁ(m) < Cforallz* €T.
Hence V¢ € BC*P(Q) and, similarly, V¢ € BC%#(Qg \ Q). O

3. The boundary integral equation and well-posedness. In
this section we begin by reformulating the boundary value problem
as a boundary integral equation. The results of the previous section,
in particular Lemma 2.2, Corollary 2.4 and Theorem 2.6, imply the
following theorem.

Theorem 3.1. Suppose p € BC(T') and ¢ is defined by (2). Then ¢
satisfies the Dirichlet boundary value problem (1) if and only if

(200 ola) = qu(y)dS(y)—%u(x% ver.

We can write (20) in operator notation as
(I = K)p = —2¢0,

where I is the identity operator and K is defined by (9).

We next show that the boundary value problem and boundary inte-
gral equation are well-posed, this notion dating back to Hadamard [12]
who wrote that a problem is well-posed if a solution exists, is unique
and depends continuously on the data.

To prove uniqueness for the boundary value problem, we use the fol-
lowing Phragmén-Lindelof-type result, an extension of the maximum-
minimum principle from bounded to unbounded domains (cf. [9, Sec-
tion 2.5]).

Theorem 3.2. If u € BC(Q) N C?(Q) is harmonic in 2, then

sup u(z) < sup u(z).
€N zel

Proof. We assume, without loss of generality, that sup,pu(z) =0
and suppose that there exists x4 € Q such that u(z4) > 0. Choose
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To

FIGURE 5. The domain G, and points zg, 4.

zo € R?\ @ with dist (z9,€) > 1 so that In|z —zo| > 0 for all
x € Q. Let a > 1 be sufficiently large that |z4 — 29| < a and define
Go :=QN{z:|r — zo| < a}, see Figure 5.

Defining v € C(Q) by

(@) = ule) ~ gu(z,) 2!

<

In |z — o]’

clearly v is harmonic in €. Further, v < 0 on I' and, if a is chosen
large enough, v < 0 on the boundary of G. Thus, it follows from the
maximum principle for finite domains [14, Corollary 6.9] that v(z) <0
for all z € G4. However v(z4+) = u(z4+)/2 > 0 which is a contradiction
since x4 € Gg. O

The above result has the following corollary.

Corollary 3.3. The Dirichlet boundary value problem (1) has at
most one solution.

We next prove that the integral operator (I — K) is injective, where

K is given by (9). To do this we initially study a mixed homogeneous
boundary value problem in the infinite strip domain between I'yy and

r.
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Theorem 3.4. Suppose that

o) = [ EELY) 0y ds(y), e O\ Q,
0@) = | angy) HW) W) H\
where i € BCYP(T), for some 3 € (0,1), and that d¢/0n =0 on T in
the sense that

lim n(x).M

=0, ze€l.
h—0.h>0 h ’

Then ¢ =0 in QH\ﬁ.

Proof. We define S := Qg \Q, Sa := {x € S : |11] < A} and
Ea = {x € S : |v1| = A}. Since p € BCYA(T), it follows from
Lemma 2.2 and Theorem 2.10 that ¢ € BC1A(S) N C?(S) and that ¢
is harmonic in S. Noting also that ¢ =0 on I'y and 9¢/0n =0 on T,
applying Green’s first theorem we see that

99
Vo) dx = ¢o—ds = 0O(1
[ oras= [ o52as=on)
as A — oo, so that V¢ € L?(S). Also, since
2 0o H 2
/ (V$)2dz > / 99@)|" 4y — / { / 99(x) dxg} day
s sl 0z —oo Ws@@n | 911
there exists a sequence A,, — oo such that
2 H 2 H 2
/ % ds :/ 0¢(x) dxs —l—/ 0¢(x) dzes — 0,
Ea, |00 f(aw | 921 f(~4n) | 911

as n — oo. Using the same sequence {A,,} we have, by the Cauchy-
Schwarz inequality,

/ (V¢)*dz = lim qs% ds
S

n—oo Jg, on

< lim / |q5|2ds/ ‘%
n—oo Ea Ba, on

n

2
ds = 0.
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Hence, Vé = 0 in S and, since ¢ € C'(S) and ¢ =0 on 'y, ¢ =0 in
S as required. u]

Now, combining the above result with the properties of the double
layer potential and the mapping properties of the integral operator K,
we prove the injectivity of (I — K).

Theorem 3.5. (I — K) is injective on BC(T).

Proof. Let p € BC(T) satisty (I — K)u = 0, that is, p = Ku. By
Theorems 2.7 and 2.8, u € BCYA(T) for all 8 € (0, ).

By Theorem 3.1, ¢, defined by (2), satisfies the boundary value
problem (1) with ¢g = 0. Using Corollary 3.3 it follows that ¢ = 0
in Q so that V¢ = 0 in Q. Hence, by Theorem 2.5, 9¢/0n = 0 on T’
in the sense of Theorem 3.4. Thus, by Theorem 3.4, ¢ = 0 in Qg \ Q
and so, in the ¢4 notation used in Theorem 2.3, ¢4 = 0 on I'. Finally,
by Corollary 2.4, u = ¢4 — ¢— = 0. Therefore, (I — K)u=0=p=0
and hence (I — K) is injective. o

To prove the surjectivity of the integral operator (I — K) we use a
result from Arens et al. [2], which applies to integral equations on the
real line of the form

21)  is) — /oo k(s — £)2(s, (1) dt = 6(s), s € R,

— 00

where A € C, the functions &, z and ¢ are assumed known and ¢ is the
solution to be determined, in the case that x € L*(R) and z € BC(R?2)
where R2 := {(s,t) € R? : s # t}.

In general, the integral operator in (21) is noncompact (for example,
this is certainly the case if Kk # 0 and z = 1). In [1, 2] the invertibility of
individual integral operators of the form (21) is deduced by embedding
them in a larger family of integral operators, where this family is chosen
so that it has certain compactness and translation invariance properties.
Let B := B(f¢, f-,Cy/,Cy) denote the set of f € BCh*(R) such that
f- < f(x1) < f4+, 1 € R, and such that (3) holds. We will apply [2,
Theorem 3.18] to a family of operators generated by the set B.
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We note that the integral equation (20) is equivalent to the integral
equation on the real line

@) -2 [ )

In this equation z and y are the points = (s, f(s)), y = (¢, f(¢))
and fi, go € BO(R) are defined by fi(s) := u((s, /(5))) and go(s) :=
@0((s, f(5))), s € R. So we define the kernel ky, dependent on f € B,
by

1+ f/(6)%(t) dt = —240(s), s € R.

9%n(z,y)
M(Y) (s p(s)w=(t.5(1))
s,teR, s#t.

ks t) =2 T+ 707,

Define k € L'(R) by

and let

so kg(s,t) = k(s —t)z¢(s,t) and the integral equation (22) takes the
form (21) with A = 1. Further, by Lemma 2.1 and Theorem 2.6, it
holds that, for some constant C' > 0,

(23) |kp(s,t)| < Cr(s—t),

for all s,t € R with s # t and all f € B. Thus zy € BC(ITQ) for f € B.

Theorem 3.6. The operator (I — K) is invertible on BC(T).
Further, for some constant Cr, dependent only on fi, Cy, Co and
H, we have that

I(I = K)o < Cr.

Proof. To prove this theorem we show that all five conditions of [2,
Theorem 3.18] are satisfied by the family of operators generated by B
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namely, the set of integral operators with kernel ky = k(s — t)z¢(s, ),
for some f € B. Let V :={zy: f € B}.

By (23) condition 1 holds with b = 2. Using [2, Lemma 4.4] it follows
that V' is §-sequentially compact (as defined in [2]), so condition 2 is
satisfied. It is clear, from the definition of B, that V' is closed under the
action of the translation operator T, BC(RQ) — BC’(RQ) defined by
Toz = 2(-—a,-—a),a € R, z € BC(RQ), so condition 3 is satisfied.
To show that condition 4 is satisfied we note that the definition of B is
the same as in [2] and apply Corollary 4.5 of [2]. Theorem 3.5 ensures
that condition 5, injectivity of I — Ky on BC(I"), for f € B, is satisfied.

Thus [2, Theorem 3.18] applies and the result follows. O

Remark 3.7. Let K* denote the adjoint operator of K, defined by
(20) with 0Py (z,y)/On(y) replaced by 9Py (x,y)/On(x). Reference
[2, Theorem 3.18] implies that I — K* is also invertible as an operator
on BC(T') and that [ — K and I — K* are invertible operators on L?(I"),
1 < p < oo. Further, the constant C; can be chosen, dependent only
on fi, Cy, Cy and H, so that

1 1
ax (I = K) ey = | ax (I = K*)" Loy < Cr.

We can combine the previous results into a final theorem.

Theorem 3.8. The Dirichlet boundary value problem defined in
Section 1 has exactly one solution. This solution satisfies the bound

(24) |p(z )|<2161P|¢0( y)l, e,

that is, the problem is well-posed.

Proof. Theorem 3.6 implies that the integral equation (20), equivalent
o (22), has exactly one solution u. Therefore, by Theorem 3.1, there
exists a solution to the boundary value problem and Corollary 3.3 tells
us that this is the unique solution. Finally, applying Theorem 3.2 we
obtain (24). o
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