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ABSTRACT. We study the classical combined field integral equation formulations for
time-harmonic acoustic scattering by a sound soft bounded obstacle, namely the in-
direct formulation due to Brakhage-Werner/Leis/Pani¢, and the direct formulation
associated with the names of Burton and Miller. We obtain lower and upper bounds
on the condition numbers for these formulations, emphasising dependence on the fre-
quency, the geometry of the scatterer, and the coupling parameter. Of independent
interest we also obtain upper and lower bounds on the norms of two oscillatory integral
operators, namely the classical acoustic single- and double-layer potential operators.

1 Introduction

In this paper we consider the classical problem of scattering of a time-harmonic acous-
tic wave by a bounded, sound soft obstacle occupying a compact set 2 C R? (d = 2 or
3) with Lipschitz boundary I'. The wave propagates in the exterior domain Q, = R4\
and we suppose that the medium of propagation in €2, is homogeneous, isotropic and
at rest, and that a time harmonic (e time dependence) pressure field v’ is incident
on Q. Denoting by ¢ > 0 the speed of sound, we assume that u’ is an entire solution
of the Helmholtz (or reduced wave) equation with wave number k = w/c > 0.

Then the problem we consider is to find the resulting time-harmonic acoustic
pressure field u which satisfies the Helmholtz equation

Au+Kku=0 in (1.1)
and the sound soft boundary condition

u=0 on I' = 09, (1.2)
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and is such that the scattered part of the field, u® := u — u’, satisfies the Sommerfeld
radiation condition

ou®
— iku® = o(r~@=1/2 1.3
2 ikt = o) (1.3
as r := |x| — oo, uniformly in & := z/r. (This latter condition expresses mathemati-

cally that the scattered field u® is outgoing at infinity; see e.g. [13]). It is well known
that this problem has exactly one solution under the constraint that « and Vu be
locally square integrable; see e.g. [24].

The aim of this paper is to understand the behaviour, in the important but difficult
high frequency limit & — oo, of standard reformulations of this problem in terms of
second kind boundary integral equations. Let ®(z,y) denote the standard free-space
fundamental solution of the Helmholtz equation, given, in the 2D and 3D cases, by

LHO (e —y]), d=2,

@(%y) = ciklz—y| (1.4)

_— d=3
dr|z —y|’ ’

for 7,y € R, x # vy, where HO(I) is the Hankel function of the first kind of order zero.
It was proposed independently by Brakhage & Werner [5], Leis [22], and Panic [28],
as a means to obtain an integral equation uniquely solvable at all wave numbers, to
look for a solution to the scattering problem in the form of the combined single- and
double-layer potential

wio) = [ et ds) <in [ o) dst). a0 1)

for some non-zero value of the coupling parameter n € R. (In this equation 9/dv(y)
is the derivative in the normal direction, the unit normal v(y) directed into €.) It
follows from standard boundary trace results for single- and double-layer potentials
that u®, given by (1.5), satisfies the scattering problem if and only if ¢ satisfies a
second kind boundary integral equation on I'; see [13] and, for the Lipschitz case,
[26, 10]. This integral equation, in operator form, is

(I + Dy —inSk) ¢ = g, (1.6)

where [ is the identity operator, S, and Dy are single- and double-layer potential
operators, defined by?

&m@>::2ﬁ®@wwmwddw,xer, (L.7)
and O(ID(x,y)
Dyo(z) = 2 g T(y) e(y) ds(y), xzel, (1.8)

and g := —2u’|r is twice the Dirichlet data for the scattered field on T.

LOur notation follows that of [13]. Some other authors omit the factor 2 in front of the integral
signs in (1.7) and (1.8).



We will study (1.6) as an operator equation on the space L?(T). For every ¢ €
L*(T), the right hand sides of (1.7) and (1.8) are well-defined almost everywhere on
I, with Dyp(z) understood as a Cauchy principal value, and both Sj and Dy are
bounded operators on L*(T); see e.g. [26, 25, 24]. Choosing n # 0 ensures that (1.6)
is uniquely solvable. Precisely,

Ak,n =1 + Dk - IT]Sk (19)

is invertible as an operator on L?*(T"). That this is true generally for Lipschitz I is
shown in [26, 10]; for a detailed discussion of the operator Ay, in the case when I
is C? see [13]. We note further that, generalising this result, it is shown in [10] that
Ay, 1s invertible as an operator on the Sobolev space H*(I"), for 0 < s < 1.

An alternative integral equation formulation of the scattering problem can be
obtained by applications of Green’s theorem. From [14, Theorem 3.12] and [24,
Theorems 7.15, 9.6] it follows that, if u satisfies the scattering problem, then a form
of Green’s representation theorem holds, namely

u(z) = u'(z) — /F(I)(x,y)%(y) ds(y), x € Qe. (1.10)

The constraint that w and Vu are locally square integrable in €2, implies that (see
e.g. [24]) the normal derivative Ju/0v in this equation is well-defined as an element
of the Sobolev space H~/2(I"). Two integral equations for Ou/dv can be obtained by
taking the trace and the normal derivative, respectively, of (1.10), namely

Sp=— = 2u" (1.11)

and .
— — =2— 1.12
ov *ov ov ( )
Here D), is the integral operator defined, for ¢ € L?(T'), by

Dyo(x) == 2 A % o(y) ds(y), =z eTl. (1.13)

It is well known (e.g. [13]) that the integral equations (1.11) and (1.12) fail to

be uniquely solvable if —k? is an eigenvalue of the Laplacian in €2 for, respectively,

homogeneous Dirichlet and Neumann boundary conditions on I', but that a uniquely

solvable integral equation is obtained by taking an appropriate linear combination of
these equations. Clearly, for every n € R it follows from the above equations that

, Ou
Arnm =1, (1.14)
where
A/kﬂ? =1 + D;g - 1775k (115)
and 5
u’ .
f(x):=2 5 (x) — 2inu'(z), zel.



Observe that (see e.g. [25] for a proof in the general Lipschitz case) D’ is the transpose
of D and that S is its own transpose, so that A’ is the transpose of A in the same
sense, namely that

(6, Ayl = (Ao, ¥)r,  for o € LA(T), ¢ € L(T), (1.16)

where (¢,¢)r := [, ¢tods. This identity implies that A’ , is also a bounded operator
on L*(T) with
[A kgl = 1| Arall, (1.17)

and that A’y , is invertible (as an operator on L*(I")) if and only if Ay, is invertible.
Moreover, if they are both invertible, it holds that

1A% 1 = 14 (1.18)

In particular, Ay, and also A’y is invertible and (1.18) holds for n # 0. In fact (see
[10], [11, §4]), for n # 0, A’y is invertible as an operator on the Sobolev space H*(I'),
for —1 < s < 0. Thus, noting that f € L*(T"), (1.14) has exactly one solution in
H~'2(T) and this solution is in L?(T).

Our aim in this paper is to study the conditioning of the two standard integral
equation formulations, (1.6) and (1.14), of the exterior sound soft scattering problem.
Specifically we are interested in upper and lower bounds on the (identical) condition
numbers of Ay, and A’y ,, given by

cond A’y = cond Ay, = || Al 145,

and so we are interested in upper and lower bounds on the norms ||Ay,| = ||A'ky||
and HA,;}?H = ||A ,;,17|| Our emphasis is on understanding the dependence on the wave
number k, especially in the limit & — oo, and on the coupling parameter 7, and on
exploring the influence of the shape of T'.

The questions we address have had some previous attention, starting with the
work of Kress and Spassov [19] and Kress [18] (and see [2, 3, 17, 8, 15, 4, 11]); we
will summarise these previous results in the next section. But we note that, with
the exception of recent bounds in [15, 4, 11], rigorous estimates valid in the limit
as k — oo have not been obtained. Moreover, research to date has focussed almost
entirely on the case when I' is a circle or sphere where Fourier analysis methods
are possible. The estimates we will derive in this paper will address these gaps in
the literature and show that the behaviour of cond Ay, as a function of k depends
strongly, and in a subtle way, on the geometry of I'.

The plan of the rest of this paper is as follows. As already mentioned, in §2 we
discuss previous work, in particular what is known about ||Si||, || Dk||, ||Ak,ll, and
HA;}?H and their dependence on k and 7 in the special case of a circle and sphere. We
also recall a recent and rather sharp upper bound on ||A,;}7|| which applies (in 2D and
3D) whenever T is Lipschitz, piecewise smooth, and starlike. In particular, we point
out that this bound implies that commonly recommended choices of 7, e.g. [18]

1
7 = max <2—Ro,k) ,
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where 2R, is the diameter of I', have the desirable property that ||A,;,17|| < C for
k > 0, where the constant C' depends (in an explicit way spelled out in §2) only on
the shape of T'.

In §3 we obtain what look at first sight like fairly crude upper bounds on [|Sk||
and || Dy|| (and hence obtain, by the triangle inequality, upper bounds on ||Ag,||) for
general Lipschitz domains in 2D and 3D. These bounds are complemented in §4 by
a number of lower bounds on ||S||, [|Dx||, and ||A,l|, mostly for the 2D case. One
message from these lower bounds is that, at least in the 2D case, the simple upper
bounds in §3 turn out to be rather sharp in their dependence on k. Precisely, there
exist Lipschitz boundaries I' for which the ratio of the upper to the lower bound: (i)
remains bounded as k — oo in the case of ||Sk||; (ii) increases arbitrarily slowly as
k — oo in the case of ||Dy||. A second message from these lower bounds is that the
behaviours of ||Sk|| and || Dy|| as k¥ — oo depend in subtle (and different) ways on the
geometry of I'.

In §5 we analyse a particular example of a non-starlike domain. While the results
in §2 show that, with an appropriate choice of 7, ||A,;}7|| = O(1) as k — oo when I’
is starlike, in §5 we prove that ||A,;,17H, with the same choice of 7, can grow as fast as

k%19 as k — oo when the domain is non-starlike.

In §6 we summarise the results of sections 2-5 and examine their implications for
the condition number of Ay ;. The main message here is that conditioning in the limit
as k — oo depends strongly on the geometry of I', and that conditioning can be much
worse than in the case of a circle/sphere. For example, in 2D, and with the usual
choice n = k, our conclusion is that cond Ay, = cond Aj , grows like k'/3 for a circle,
like k'/2 for a starlike polygon, and at least as fast as k”/® for the trapping domains
studied in §5. We recommend that readers more interested in the results and their
implications for conditioning than in the details of the proofs read §6 before the rest
of the paper.

We finish this introduction by introducing some notation and properties relating
to Bessel functions that we shall use throughout. For m € Ny := NU {0} let .J,, and
Y, denote the Bessel functions of order m of the first and second kinds, respectively,
and let Hr(,%) := J,, +1Y,, denote the Hankel function of the first kind of order m.
(Our notations and definitions follow [1].) Moreover, for ¢ > 0 let

M, (t) == [HO (1)), (1.19)

We will use throughout the fact that M,,(t) is decreasing as ¢ increases 34, §13.74].
An informative integral representation for Hél) is [27]

3 oo —rt
M 2y ¢
Hy ' (t) = —e /0 RYTRSERIE dr, t>0, (1.20)
with R(r — 2i)'/2 > 0 for r > 0, where R denotes the real part of a complex number.
/
This representation implies, since Hl(l) = —Hél) , that
Wy 2 [ (A—r)e™
#(r) = Ze /0 S g >0 (1.21)



From these representations follow the bounds

M(t)<2/w R (1.22)
=T )y @) TV ’ '
and
2 [ 1 2 2
M (t) < = ——+1)edr=y/=+—, t>0. 1.23
1()_71'/0 ((27’)1/2jL )e " g (1.23)
From (1.21) we deduce moreover that, for ¢t > 0,
. 2 9% [ (i—r)
—it (1) - _ = —rt
e "Hy'(t) + i <—r1/2(r T + 1) e "dr
2i e "t

dr.

' /0 r1/2(r — 20)12(r1/2(r — 20)1/2 4+ 1 — i)

From this identity, noting that S(r*/2(r — 2i)/2 + r —1i) < —1, it follows that

2 [ e /2
< — dr=4/—, t>0. 1.24
- 7T/0 (2r)1/2 " wt’ (1.24)

The bounds (1.22), (1.23) and (1.24) are all sharp for large ¢ since (e.g. [1])

21
Tt

0 +

HW(t) = \/g exp(i(t — 7/4 —mn/2)) + O(t™%?), ast — oo, (1.25)

and it holds similarly [1] that

H,%),(t) = \/% exp(i(t +7/4 —mm/2)) + O(t™?), ast — oo. (1.26)

It follows from (1.24) that (1.23) is also sharp for small ¢.
We will find the notation

U, (t) :=e *HD(), t>0, (1.27)
useful. Clearly |W,,(t)| < M,,(t) and it follows from (1.25) and (1.26) that
2
U, (t) =4/ — exp(—i(n/4 +mm/2)) + O™, ¥ (t)=0(t">?), ast— oo.
T
(1.28)
For m = 0 and 1 these asymptotics can alternatvely be deduced by applications of
Watson’s lemma to (1.20) and (1.21).

2 Previous results and the case of a circle or sphere

As noted in the introduction, previous studies of the conditioning and spectral prop-
erties of Ay, or A}, have focussed on the special case of circular and spherical I



(19, 18, 2, 3, 17, 8, 15, 4]. We will summarise the results of these studies in this sec-
tion, and also recent bounds on ||A,;}7|| for more general geometries [11]. We note that
some of the above papers (e.g. [2, 3]) also make a similar study for the circle/sphere
of the conditioning of the Burton and Miller integral equation for the acoustic sound-
hard (Neumann) scattering problem [9], or for electromagnetic combined field integral
equations (e.g. [18]). In other related work, Warnick and Chew [33, 32, 31] study the
conditioning of matrix discretisations of the first kind integral equation (1.11) via
an approximate theoretical analysis and numerical experiments, obtaining simple ex-
plicit approximate upper and lower bounds for the condition number as a function of
k and the discretisation step size for several canonical 2D geometries (a circle, crack
and two parallel cracks) [31, Table 2].

In the case of circular and spherical [' a very complete theory of conditioning
is possible, due to the fact that Ay, and A’;, operate diagonally in the basis of
trigonometric polynomials (d = 2) or spherical harmonics (d = 3). The analysis is
further simplified by the fact that D) = Dy and so A’y ,, = Ay,

Suppose I is the unit circle, with parametrisation v(t) = (cost,sint). With this
parametrisation L*(T') is isometrically isomorphic to L?[0,27]. We can write any
€ L2[0,27T] = L*(T) as

2m
=5 Zap m)exp(imt), where @(m) ::/ o(t) exp(—imt) dt,
0

in which case the L?-inner product and norm are given by (¢, 9) = 5= >, @(m )@E (m)
);

and [[¢]|? = &= 3,z [@(m)[* . Then (see [18, equation (4.4)] or [15 Lemma 1]
have the Fourier representation:
Apyolt ZAM m) exp(imt) with Mgy (m) = 7H{) (k) ik} (k) + 0 (K)]
mEZ
(2.1)

Note that Ay ,(m) is the eigenvalue of Ay ,, corresponding to the eigenfunction exp(%imt).
As argued in [18], since the eigenfunctions exp(imt), m € Z, are a complete orthonor-
mal system in L?[0,27] = L?*(T), it holds that

-1
el = sup [(m)]. ||A,;17||=(mf |Akm<m>|) , (2.2)
meNy meNp

so that
SUP ey | Ay (M)

infmeng [Aky(m)|
The problem Ay, = g, with g € L*(T") = L?|0, 27, can be recast in variational
form as ay,(¢,v) = (g,), where the sesquilinear form ay,, is given by

cond Ay, =

(2.3)

(0 1) = (Argp, V) = Z Nty () @(m) i (m). (2.4)
mEZ
For ¢ € L*(T),
R(arn(e, #)) Z RNk (m)|B(m)* = agyllio]?, (2.5)
meZ



where

gy = inf R(Ag,(m)). (2.6)
meNy
The recent paper [15] obtains rigorous upper bounds on ||ax,| = |[Ak,l =

SUP,en, | Ak (m)| and lower bounds on ay,. The results are worked out explicitly
for the case n = k (previously proposed as optimal for conditioning for the unit circle
when k£ > 1 in e.g. [19, 2, 3]) and are that, for all sufficiently large k,

lawsll = [Axall < Ok, (2.7
(67N > 1, (28)

with C' a constant independent of k. Since ||A,;}7H < a,;ﬂl?, (2.8) implies that
1Agall < 1, (2.9)

for all sufficiently large k. The bound (2.8) is very technical to prove whereas the
result (2.7) is somewhat easier, requiring only upper bounds for certain combinations
of Bessel functions which are readily available in [1].

For the case d = 3, when I is a sphere of unit radius, a similar analysis applies,
based on the fact that the integral operators on the sphere are diagonal operators in
the space of spherical harmonics. The corresponding expression for the symbol A,
is

() = kR (kjp, (k) + g (K)) . (2.10)

where 7, and hY are the spherical Bessel and Hankel functions respectively. This
formula can be found, for example, in [18, 17] — see also [8]. The formulae (2.2) and
(2.3) hold also in the 3D case [18], with A, given by (2.10). It is shown in [15] that,
for all sufficiently large k, (2.7) holds also in the 3D case and that, for every C" > 1,
ay i > C' for all sufficiently large k. This implies that

1

14l < &

(2.11)

for all sufficiently large k.

It is important to note that (2.7) was proved previously in the 3D case in the
thesis of Giebermann [17]. Further, the conjecture oy, > min(1,2|n|/k) was made
in [17], backed up by numerical experiments and some asymptotic analysis of special
cases. Related results are in [8]. Recently a similar analysis to that in [17, 15], by
Banjai and Sauter [4], has led to a more refined and flexible upper bound on Ay,
than (2.7) in the 3D case. They show that, for all sufficiently large k,

IDell < G, ISkl < CR252, (2.12)
for some constant C' independent of k, which implies that

[Aall = 1+ D —inSell < 1 4 [IDell + [0l - ||kl (2.13)
< 140 (1+ nk=??). (2.14)

The choice |n| = k yields the same estimate as (2.7), whereas the choice |n| = k?/?
yields a k—independent bound for || Ay, ||. This is employed in [4] to obtain improved

8



error estimates for conventional Galerkin boundary element approximations of the
combined potential equation.

We remark that (2.8), which establishes coercivity for the combined potential
operator sesquilinear form ay ;, for all sufficiently large k, moreover with a coercivity
constant independent of k, is of more use for the analysis of numerical methods than
the bounds on condition number implied by (2.7), (2.9), and (2.11). Since bounds on
||ag,y|| combined with coercivity ensure the stability and convergence of any Galerkin
scheme, this can be used to prove theorems about the convergence of special Galerkin
boundary integral equation methods for high frequency scattering problems. This
was the chief motivation for the analysis in [15].

Using completely different techniques (Rellich-type identities and subtle properties
of radiating solutions of the Helmholtz equation), bounds on ||A,;,17|| have also been
obtained recently in [11]. These apply for a general class of geometries, namely
whenever (2 is simply-connected, piecewise smooth and starlike. For the rest of this
section we assume, without loss of generality, that the origin lies in 2 (0 € §2). Then
the class of domains studied in [11] are those satisfying the following assumption
(Assumption 3 in [11]):

Assumption 2.1 T is Lipschitz and is C* in a neighbourhood of almost every x € T.
Further
d_ :=essinf z-v(x) > 0.
zel

Note that Assumption 2.1 holds, for example, if €2 is a starlike polyhedron (and
0 € ), with J_ the distance from the origin to the nearest side of I".
Define

Ry :=suplz|, 0y :=esssup x-v(x), §" :=esssup|z — (v v(z))v(x)|.
zel’ zel zel

Then a main result in [11] is the following:
Theorem 2.2 Suppose that Assumption 2.1 holds and n € R\ {0}. Then
14 = 1145, < B (2.15)

where

1 5, 46°2\ [6, (K2 d—2 2]  (1+2kR)?]"
B:=- — — [ —=+1 —+ — —_— .
2" Ké_ e ) Ls_ <n2 )T T T
To understand this expression for B, suppose first that I' is a circle or sphere, i.e.
I'={z:|z|] = Rp}. Then §_ =6y = Ry and 6* =0 so

2 _ 271/2
1 k d—2 (1+2k‘R0)} (2.16)

B =DB,:=— 1+ —

N { T TR T 2R
In the general case, since 6_ < 0, < Ry and 0 < 9, < Ry, it holds that B > B,.
Note that the expression B blows up if k/|n| — oo or if 0, /0_ — oo, or if §_|n| — 0,
uniformly with respect to the values of other variables.

9



A number of studies of the circle/sphere case have been concerned with making
a choice of n which is optimal in terms of minimising the condition number (2.3).
In particular, based on low frequency asymptotics and numerical calculations, the
optimal choice of 1 proposed in [18] is

1
7 = max <2—RO, k:) (2.17)

for the 3D case (and see [2, 3] for some further evidence supporting this choice).
Providing evidence that this is in fact a good choice whenever I' is starlike in the
sense of Assumption 2.1, Theorem 2.2 shows that if 7 is chosen so that

max (1 Ry, lok) < |n| < max(uy Ry, ugk), (2.18)

for some positive constants [y, Iy, u1, and uy, then, for some constant C' > 0, ||A,;,17|| =
HAgm_lH < C for k > 0. For example, choosing

n=Ry'+k, (2.19)

which satisfies (2.18) with I; = Iy = 1 and u; = uy = 2, defining 6 := Ry/d_, and
noting that 0, /0_ <6, 0*/6_ < 0, we see that Theorem 2.2 implies that

- - 1
|4l = 1143, Il < B < 5 TO2+ (1 +49)(d+0)]. (2.20)

Based on computational experience, Bruno and Kunyansky [6, 7] recommend the
choice n = max(6T ', k/7m), where T is the diameter of the obstacle, which satis-
fies (2.18), this formula chosen on the basis of minimising the number of GMRES
iterations in an iterative solver.

3 Upper bounds on ||Si||, ||Di]| and [|Ax,|| in the
general Lipschitz case

In this section we derive upper bounds on ||Ay,| from (1.9) which are explicit in
their dependence on the wave number k& and the coupling parameter 7, for both the
2D and the 3D case. To do this, we use the triangle inequality (2.13) together with
upper bounds on the norms ||Si|| and ||Dg||. The only geometric restriction on our
scatterer ) C R? for now is our assumption throughout that it is Lipschitz, by which
we mean [24, §3] that Q is compact and there exist finite families {W;}, {M;}, {fi}
and {€2;} such that

(i) The family {W; C R%} is a finite open cover of the boundary I' = 9;

(i) Every M; is a positive real number and every f; : R — R is a Lipschitz
continuous function with |f;(€) — fi(n)| < M;||€ — n]| for all £, € R

(iii) Every ; C R? can be transformed, by a suitable rotation and translation, into
the hypograph {(£,2) € R x R @ 2 < fi(€)} of the corresponding f;;

10



(iv) © and €; have the same intersection with W;, for each 1.

It is clear that the finite family of values {M;} can be replaced by one global value
M = max; M;. Moreover, for each x € I' and all 7 in our finite index set, let £(x, 1)
be the supremum of all € > 0 for which the open Euclidean e-neighbourhood U, (x)
of z is contained in W; (with e(z,i) = 0 if = ¢ W,;). Now put e(x) = max; e(x,1)
and note that x — ¢(z) is a continuous function over the compact set I'; so it attains
its minimum &, := &(xg) at some point xy € I', which shows that gy > 0 since g is
covered by (and therefore an interior point of) at least one W;. As a consequence,
we get that, for each x € I', U, (x) is contained in at least one W;. This shows the
following;:

Lemma 3.1 For every Lipschitz domain €2, there are constants € > 0 and M > 0
such that, for every x € I' = 0, there is a Lipschitz continuous function f, : R¥~1 —
R with Lipschitz constant M and an appropriate rotation and translation §2, of the

hypograph {(£,2) € R X R @ 2 < (&)} of fo with QN U.(z) = Q, NU(x).

Throughout the paper we will say that I' = 0 is Lipschitz if € is a Lipschitz
domain.

Lemma 3.2 (cf. [30]) Let Q C R be a Lipschitz domain. Then the following holds.
a) Ifd=2 then

sup

1
——ds
:cEF/F Ve =yl

b) Ifd =3 then

1
sup/ ds(y) < oo.
zel JT |LE - y‘

Proof. This follows easily from Lemma 3.1 by splitting the integrals over I" into one
weakly singular integral over I' N U.(x) and one integral over the (bounded) rest of
r. ]

Our main strategy in computing bounds on ||Sk|| and || Dy is the following. Let

?b@)zuéd%ww@ﬁk@% el (3.1)

denote an integral operator with a suitable kernel function (-,-) on I" x I'. To show
that T is bounded and to estimate its operator norm as a mapping L*(T") — L*(T),
we show that it is bounded both as a mapping L*(T") — LY(T") and L>(T") — L*>(T)
and use the Riesz-Thorin interpolation theorem (e.g. [23, Theorem 2.b.14]), which
says that

ITI = T lemre < ITIAS - ITNR (3.2)

holds, where the two norms on the right are explicitly given by (e.g. [21])

|wm¢%mwﬂmmw,|wmm_mm/me

11



In particular, if |k(z,y)| = |k(y, z)| for all z,y € T', then ||T||z1_1 and ||T||pe—1
have the same value, and (3.2) simplifies to

1T < [[T][pr—pr = |T|[zee—poe- (3.3)

More generally, if &(z,y) = R(y,z) and |s(x,y)| < &(x,y), for all z,y € T, then it
follows from (3.2) that

7] < esssup [ #lay) ds(y). (3.4
zel T
From (1.4) and (1.7) the kernel of the single-layer potential operator Sy in 2D is

k(x,y) = iHO1 (k|z — y|). Clearly, k(z,y) = k(y,x) for all x,y € T', and therefore
the bound (3.3) applies. From (3.3) and (1.22) we see that

|Skll < esssup/ ‘ k (k |z — y|)’ s(y) < % (3.5)
where
\/:esieslglp / \/F 00 (3.6)
by Lemma 3.2.
In 3D, the single-layer potential Sy is an integral operator (3.1) with kernel
ciklz—y|
k(z,y) = S r— x,y el

As in 2D, the kernel function «(-, -) is symmetric, and therefore the norm bound (3.3)
applies. Consequently,

eik|x_y|

|1Sk] < esssup/ ds(y) = — — esssup (3.7)

zel r 27T|5L' - y| zel |‘T - y|

by Lemma 3.2.
We see that we have shown, in (3.5) and (3.7), the following theorem:

Theorem 3.3 If1' is Lipschitz then there exists a positive constant ¢, dependent only
on I', such that
1Sk < ckl=272

for k > 0.

The double-layer potential Dy in 2D is an integral operator (3.1) with kernel

0P(z,y) i, —y
p i Sl VA Y £ - vly), xyel. 3.8

Noting that, for t > 0, |el* — 1| = 2|sin(#/2)| < min(t,2) < /2t and using (1.24) we

see that, for t > 0,
2 . \F 2v/2)\ 1
—le* —1] < — 4+ — | —. 3.9
+=le \_( ,%W>ﬁ (39
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Let Dy denote the double-layer potential operator for the Laplace case, whose
kernel is given by taking the limit £ — 0 in (3.8), i.e. by replacing ik:Hl(l)(k|x —y) by
2/(m|z —yl) in (3.8). Since Dy is independent of £ and a bounded operator whenever
Q is Lipschitz (e.g. [25]), and since || Dy|| < || Dy — Dol| + || Dol|, it remains to bound
|Dx — Do||. The difference Dy — Dy is an integral operator (3.1) with kernel

1 1 T —
o) = (ghAOG— o) - ) I ager

|z =y
Using (3.9) we see that |k(x,y)| < R(z,y), where

~ 2 2¢/2 E1/2
Rz, y) = (\/;—i— - ) S — g

Hence and from (3.4) it follows that || Dy, — Dy < C1k*/2, with

o (22 e [
= = — €SS su o0
! 2 ™ mEFp |LE —

by Lemma 3.2. Thus

IDill < 1Dk = Doll + | Doll < C1Vk + Co (3.10)
In 3D the double-layer potential Dy is an integral operator (3.1) with kernel
8(1)($, y) eik\x—y\ )
2N (ke —y|— 1) (z—y)- r
ov(y) pIa P (kle —yl=1) (x—y)-vly), wye€

As in 2D, the operator Dy is bounded on L?*(T') whenever € is Lipschitz (e.g. [25]). So
it again remains to bound || Dy — Dy||. The difference Dy — Dy is an integral operator
(3.1) with kernel

1

2ml|z — y|? (eik‘x_y‘(iku —yl=1) +1) (@—y) vy, zyel.

K(w,y) =
To bound Dy — Dy the following auxiliary result is useful.
Lemma 3.4 Fort >0, it holds that |e"(it — 1) + 1| < 2¢.

Proof. Tf t > 2 then |e(it — 1)+ 1| < t+2 < 2t. If 0 <t < 2 put f(t) = e(it — 1)
and note that
/ | — se‘s\ds—— <t
|

This lemma implies that |k(z,y)| < k(7|z — y|)_1, for z,y € T, so that, by (3.4),

(it — 1) + 1 = | £(t) — f(0)] = s) ds

| Dy — Dol| < —eSSSUP
zel ‘ZL’ - y|



by Lemma 3.2, and consequently
[ Dl < [[Dx = Dol| + | Do|| < Csk + Cy, (3.11)

where

1 1
Cs = — esssup/ ds(y) and Cy = || Do].
r

™ zel ‘IL’ - y|

We see that we have shown, in (3.10) and (3.11), the following theorem:

Theorem 3.5 If " is Lipschitz then there exist positive constants ¢ and co, depen-
dent only on I, such that
| Dy|| < e1k“4=D72 4 ¢

for k> 0.

Combining the bounds (3.5), (3.7), (3.10), (3.11), with (2.13), we see that we have
shown the following result for the general Lipschitz case.

Theorem 3.6 IfT" is Lipschitz then there exist positive constants ¢ and co, depen-
dent only on T", such that

[ Agyll <1+ kD2 4 co|p k=372, (3.12)
for all k > 0.

We note that in 2D (d = 2), for the case I" simply-connected and smooth, this bound
was shown previously, for all sufficiently large k, in [15].

4 Lower bounds

In this section, complementing the results of the previous section, we derive lower
bounds on ||Sk|l, ||Dkl|, and ||Ag,||. We will focus mainly on the 2D case and our
technique throughout will be one of choosing ¢ € L*(T") (whose value depends on
k) with the aim of maximising one of ||Skk||, | Drgkl|, or || Ak pkll. Our first result
is something of an exception in that we obtain lower bounds on both [|Ay .| and its
inverse, in both the 2D and 3D cases. This simple lemma follows from the fact that
Sk and Dy are smoothing operators on smooth parts of I'.

Lemma 4.1 In both 2D and 3D, if a part of T is C*, then ||Ap, | > 1, [|A; ]| > 1.

Proof. Choose z* € T' such that I" is C* in a neighbourhood of x*. Let t* be a unit
tangent vector at z*. For e > 0let I'. := {x € [' : |x — z*| < €} and let y. denote the
characteristic function of I, i.e. x.(x) : =1,z € ', :=0for x € I'\I'.. For e > 0 and
n € Nlet ¢, (x) := exp(inx - t*)x(x), x € I'. Then x. € L*(T) so that ¢, € L*(T)
for all n € N. Further, if € is small enough it is easy to see by the Riemann-Lebesgue
lemma that ¢,. — 0 as n — oo, where — denotes weak convergence in L?*(T).
Moreoever, for e sufficiently small, the mappings ¢ +— Spx.¢ and ¢ — Dyx ¢, from
L*(T) to L*(T), are compact operators, the first mapping since the kernel of S is
weakly singular, the second due to a result of Fabes et al. [16] (that the double-layer
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potential operator is a compact operator on the boundary of bounded C! domains).
Since an operator B is a compact operator on a Hilbert space if and only if weakly
convergent sequences are mapped to strongly convergent sequences, it follows, if € is
sufficiently small, that || Skon.cl| = ||SkXePn.ell — 0and || Didn el = |DixePn.ell — 0 as
n — 00, 50 that || Apy@nell = |¢nell. Since [| A7 < [|[Akgduell/ldnell < | Akqll;
the result follows. ]

In the next two theorems we construct lower bounds which show that the up-
per bounds (3.5) and (3.10) are sharp in their dependence on k, in that there exist
Lipschitz domains for which these bounds are achieved or arbitrarily closely achieved.

Theorem 4.2 In the 2D case, if I' contains a straight line section of length a, then

a
>/ — + 0k
1Skl > p O(k™)

[ Arqll = [n] —k — 1+ O0([nlk™)

as k — oo and

as k — oo, uniformly in 7.

Proof. Let T be a straight line section of T of length a. Without loss of generality we
can choose the axes Oz,x5 of the Cartesian coordinate system so that T' = {(z,0) :
0 < zy < a}. Define ¢ € L*(T) by ¢(z) := exp(ikz1), z1 € T, ¢(z) := 0, otherwise.
Then, defining ¢ := Sk¢ and ¥ (u) := ¥((u/k,0)), 0 < u < Kk := ka, it holds that

1ol > / (s, 0) P ds = k! / " |d(w) P du.

Further, for 0 < u < &,

[Yu)l =

Y(klu/k — t])e* dt‘

H(l)(| |)e1v dU

2k

- o ) s

where, for 0 < u < k,

/H ewdv /H(l - wdv.

Recalling that Wq is defined by (1.27), we have that
/ Vo (v) dv
0

/ Uo(v)e™ dv| .
0

a(u)] =

/Oullfo(u—v)dv

and

a(u)] = / W (v — u)e2 du| =

15



Using (1.28), and integrating by parts in the case of x,, we see that, as k — oo,

)l =22 +00). (] = 00).

uniformly for 0 < u < k. Thus, uniformly for 0 < u < &,

b(u) = k‘l\/%+ O(k™)
so that

o= { [ |¢<<s,o>>|2ds}l/2 e { [ W)|2du}1/z - 06,

It follows that || ||
(0 [ a -1
Skl > — +O(k™).

To obtain the lower bound on Ay, defining ¢’ := Ay, ¢, we see that ¢'(z) =
¢(x) —iny(x), for z € I'. Thus

[l o Lo 19'((s, 0))7 ds}'
loll — ]l
o (s, 0)17 ds}'
N ]l

a —
> [nly /== =1+ O(Inlk ™).
|

In the case that I' is a straight line of length a, the lower bound on ||Sk|| in the
above theorem is particularly close to the upper bound (3.5)-(3.6) which predicts that

g \/7 a/2 dt
154l < koizza/ ,ﬁs_t / -2/

Theorem 4.3 In the 2D case, if ¢ : (0,00) — (0,00) is such that c(k) = o(k'/?) as
k — oo, then there exists a Lipschitz I such that | Dg|| > c(k) for all sufficiently large
k.

1Akl =

-1

Proof. 1t is convenient to first construct a function ¢ : (0,00) — (0, 00) which is
continuously differentiable, satisfies ¢(k) > c(k) for all sufficiently large k, and is such
that g(k) := &(k)k~'/2 is strictly decreasing on (0, 00), with g(k) — oo as k — 0 and
g(k) — 0, ¢'(k) — 0 as k — o0, so that g is a diffeomorphism on (0, 00), whose inverse
we will denote by g~!. Then the proof is completed by showing that || Dy|| > é(k) for
all sufficiently large k.

To achieve this construction, we first define g : [0,00) — (0,00) by g1(k) = 1,
0< k<1and

g1(k) := min (1 , sup m) , k> 1.

s>k S
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We see that g is decreasing and so measurable and that g;(k) > c(k)/k'/? for all
sufficiently large k. Next define go : [0,00) — (0,00) by ¢2(k) =1, 0 < k <1
and go(k) = fkk—l g1(s)ds, k > 1. Clearly g, is decreasing and continuous and
g2(k) > ¢g1(k), k > 0. Now, define a,, := min{k > 0 : go(k) < 1/n}, n € N, so
that 0 = a1 < as < ---, and define g5 : [0,00) — (0,00) by the requirement that
gs(an) = 2/n, n € N, and that g3 is linear on [a,, a,11], for each n. Then g3 is strictly
decreasing, g3(k) — 0 as k — oo, and, for n € N and k € [a,, an11],

gs(k) > gslant1) = 2+ 1)7" = n7 = ga(an) = g2(k) = gu(k).
Next, defining g4 : (0,00) — (0, 00) by

L 93(1)]{3_1, 0<k<l,
94(k) T { gg(k‘), k> 1’

we see that gy is strictly decreasing and continuous. Finally, defining ¢ : (0, 00) —
(0, 00) by

o(k) =~ / ga(s)ds, k>0,

we see that )
c
g(k) = gu(k) = ai(k) = T2
for all sufficiently large k, so that g(k) — 0 as k — 0 and &(k) := k'2g(k) > c(k).
Further, g is continuously differentiable with

2 [* 2 1k
/ _ _ . _
gk) = -1 k/294(8)d8 + k) = 2 0(5)
2 k 2 1k
< - Z _ Z
S @ 294(@ + k94(k‘) k94(2)

- Hm-n (D) <o

and, for k > 2, g(k) < g4(k/2) = g3(k/2) — 0 as k — o0, so that also ¢'(k) — 0 as
k — oo. 5
To proceed with the remainder of the proof, define f € C'(R) by

0, s <0,

7= { B, 250

Note that, with this definition, f (s) is strictly increasing as s increases for s > 0.
Further, since, as s — 0, g7%(s) — oo and g~''(s) = [¢/(¢7*(s))]"* — 0, it follows
that f(s) = o(s) and f'(s) — 0 as s — 0T (so that f € C'(R)). Next choose
f € C%YR) so that 0 < f(s) < f(s), for s € R, and so that, for some a > 0 and
L > 427, f(s) = 0 for s > a and |f'(s)| = L for all but a finite set of values of s
in (0,a). For example, this can be achieved by choosing a so that 0 < f'(s) < L on
(0,a), and then constructing the graph of f on the interval (0,a) by drawing a line
with gradient —L up from the point (a,0) until it meets the graph of f, then drawing
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a line of gradient L from this intersection point to the z-axis at some point (0, ay),
then repeating this construction ad infinitem. Let I' := {(s, f(s)) : —a < s < a}, and
choose T so that it is Lipschitz and contains T (e.g. form I' by joining the two ends
of T" at (#a,0) by a smooth arc, tangential to the z-axis at (%a, 0)).

Having constructed I in this way, choose € so that 0 < € < a and define ¢ € L*(T")
by ¢(r) = exp(—ikzy), if v € [ and 0 < 27 < €, = 0, otherwise, and let ¢ = Djé.
Then for x € I' with —a < z; < —a/2 it follows from (3 8) that

k| [ a 5 o SO+ (@ =) (1)
=5 / Y/ (o =02+ TOP) o= dt'.

Now, choosing € dependent on k so that € — 0 as k — oo, we see using (1.25) that

@l = Gy e | [ ek G =0T GO + (o - ) o
+0(ek %) + o(2kY?)
as k — oo, uniformly for —a < z; < —a/2. Now, for —a < x; < —a/2,0 <t <,
0 < V(e =2+ (f(t)? + (21— 1) N
) (F(0) . UmR _(er

Ve =82+ (f)? —(z1—t) ~ 2t-z) ~  a

Choosing € so that e = (g(k))? for all sufficiently large k, we see that k(f(e))? =
€2 — 0 as k — oo. Thus, for every 0 < 6 < 1 it holds for —a < z; < a/2 and all
sufficiently large k that

LOK'/%¢ Lo
>

[W(x)| > m = Vora g(k))
so that ” y
1Yl > ﬁkm(g(kﬁ))2 5 = ﬁk”z(g(k)f

Since ||¢]|2 = (1 + L?)Y4€Y/2 it follows that, for all sufficiently large k,

ol o LeR o LV6(k)
loll: = 2w+ L7 = o ma

Choosing § = 2y/72"/*/L'/? which is < 1 since L > 41/27, we see that we have shown
that || Dyl| > ¢(k). u

The construction in the proof of Theorem 4.2 can be adapted to obtain the lower
bounds on [|Sk|| and || A, || in the next theorem.

1Dkl =

Theorem 4.4 Suppose (in the 2D case) that T is locally C? in a neighbourhood of
some point r* on the boundary. Then, for some constants C' > 0 and ko > 0 it holds
for all k > ko and all n € R that

ISkl = CE™* and || Ayyll = Clnlk™>".
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More generally, adopt a local coordinate system OX, Xy with origin at x* and the
X1 azis in the tangential direction at x*, so that, near x*, I' coincides with the curve
{x* + t* X, + n* f(X,) : X1 € R}, for some f € C*(R) with f(0) = f'(0) = 0; here t*
and n* are the unit tangent and normal vectors at x*. Then if, for some N € N, I" is
locally CN*Y near x*, i.e. f € CNTY(R), and if also f'(0) = fP(0) = --- = fM(0) =
0, then there exist C' > 0 and ko > 0 such that

|Skll > CE=WNFV/ENHDgpg || Ay, || > Cn|k=N+D/CN+D)
for all k > ko and all n € R.

Proof. We adopt the local coordinate system OX; X5, choose 3 € (0,1), set a = 1—/3%,
and suppose that f € CNTY(R) with f/(0) = --- = f™)(0) = 0. Then, for all ¢
sufficiently small, it holds that I'y C I', where I'_ := {z* +t*X; + n*f(X}) : —e <
Xy <0}and I'y :={a" + "X, +n*f(X)) : e < X < €}. Let ¢(y) := exp(iky - t*),
for y € I'_, := 0, otherwise. Then, for all e sufficiently small, it holds for x =
x*+t*s+n*f(s) € [y that

Skote \ [ (kG G0 TP e o],

where W (t) := \/1+ (f'(t))%. Defining F(z) = 1exp(ir/4)¥(z), where ¥, is as
defined at the end of §1 we have

[Sko(z)| = ‘/ exp(i[kg(s, t) — m/4]) F(k(s — thw(s, 1)) W(t) dt|,

—€

where

- (f(s) = f(1)?

and g(s,t) := (s — t)(w(s,t) — 1). Now, by Taylor’s theorem, for |r| <,

N
! (N+1)
for some & between 0 and r, so that, for —e <t < 0,0 < s <,
"(r)] = '(r)dr| < |s —t|e¥ My,
where |f(N+1)( )
o §
My,e:= max =
Thus )
o< O —FOF _ vy
(s —t)? *
and so

0 <g(st) <2 [w/l +eNMR — 1} < eNTIMY
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Now choose 8 > 0 and

. 1/(2N+1)
‘- (2k(MN,0 n 9/N!)2) '
Then, for all k sufficiently large, it holds that
My < Myo+6/NL (4.1)

so that
0 < kg(s,t) < ke®™ ™ ( My, )? <

Dof 3

Thus, and using (1.28), we see that, uniformly for x € 'y (i.e. for ae < s <€),

1 © exp(ifkg(s, t) — m/4]) W (t) dt| + O(e(ke)>/?)

|Skp ()] = (k(s —t))1/2

> _ ~1/27.-3/2
> 47r/<;e/ cos(kg(s,t) —m/4)dt + O(e /“k™>/%)
> ~1/2,,-3/2
> 47rk:e e cos(m/4) + O(e k™)

~ Vswk 87rk; (1+0(%).

Thus, as k£ — o0,

1 — 2
ISl 2 [ 150 ds = LI 1401 (4.2)
while
quHz = / ds ~ €. (4.3)
So, as k — o0,
Isg > 12l A=y gy

lol — V. 8mk
> (Cn(0) k=T (14 o(1)),

i p- I 1/(2N+1)
v =5 (Vaimnmres)

Since # > 0 and 3 € (0,1) are arbitrary, it follows in the case f™*Y(0) = 0 that
| Sel|ENFV/CNHD s o0 as k — oo while, in the case that fN+1(0) # 0,

1Skl = Cv(0) k= HDENFD (1 4 o(1)). (4.4)

where

The above gives the lower bound on ||Si||. To obtain the lower bound on || Ay, ||
we observe that, for all e sufficiently small, it holds for x = x* 4+ t*s + n* f(s) € '}

that
ko0 1HY (k(s — (s, t
Do) < 5 [

20
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where

st = 176 - 10 - s - 070l = E L)

for some & between s and ¢, so that || < e. Applying Taylor’s theorem again, we see
that

— )2
(s — )] < &8 5 S Ny, N1
Noting also the bound (1.23), we see that

| Dy (z)] < —kNMN‘EN_I/ <i+ S_t> Wiy < Y () (14 Vekr) (1+ (1)),

2 7k 2k 2

—€

1/2
as k — oo, uniformly for z € T';.. Thus, where |- || = {fm | - |2ds} is a shorthand

for the L? norm on I'y,

N+1/2
Dol < PN (0 Vi) (14 o(1),

27
From this inequality, (4.2), and (4.3), and recalling that ¢ = 0 on I'y, it follows that
[ Akl
[ Akl = ’
! 18]
| Dr¢ — inSko ||+
B 18]

> |n|BCn(0) k= WHV/ENTD (1 4 o(1))

NV (34 Vekr) (14 o(1)

0] 8 Oy () k= (FD/EN4D (1 4 o(1)) 2%(1 (1)),

where to get this last inequality we use (4.1) and the definition of €. Recalling that
0 >0 and € (0,1) are arbitrary, we see that:

v

(i) if fFV(0) = 0 and [n| 2 KVFV/EVEY then [| Ay || — oo and || Ap, KN/ ENED /[n| —

o0 as k — oo;
(ii) if FV*D(0) # 0 and ||k~ NFV/CNFD o0 then

1Akl = 1] Cn(0) K=+ EVH (1 4 o(1)), (4.5)

as k — oo;
(iii) if FNFTD(0) # 0 and |n| ~ EWNFI/CNH) then
1Akl = [n] Ca(0) k= VHD/ENHY — — 4 o(1), (4.6)
as k — oo.
n
We note that the bound (4.4) in fact gives a quantitative lower bound on ||Sk|| in
the limit k£ — oo. Similarly, (4.5) and (4.6) are quantitative lower bounds on || Ay, ||.

Noting that f”(0) is the curvature at 2*, we have, for example, the following corollary
by applying these equations with N = 1.
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Corollary 4.5 Suppose (in the 2D case) that T is locally C* in a neighbourhood of
some point x* on the boundary and let R be the radius of curvature at x*. If R = o0,
then ||S||k*® — oo; if also, for some constant C' > 0, |n| > Ck*3, then ||Ay.,|| — oo
and || Ay, ||K*3/In| — o0 as k — oo. If R < oo, then, as k — oo,

1/3
I = 5 (£) @050+ o) (@7)

If R < oo and |n|k=2/* — oo as k — oo, then

1/3
el = 3 (2) 7 207250+ o),

while, if |n| ~ k%3, then

l 1 -2 1
Al s BN gy - Ly,
|| kﬂ?” =9 T ( k) 2\/§+0( )

Note that the upper bound (2.12) on ||Sk|| (which holds for a circle as well as for a
sphere [15]) shows that the lower bound on ||.Sk|| implied by Theorem 4.4 in the case
of a circle is sharp in its dependence on k. It follows from (3.5) that the lower bound
implied by Theorem 4.4 is sharp in its dependence on £ also in the limit N — oo
when ]{,‘_(N+1)/(2N+1) N ]{3_1/2.

The next two theorems obtain lower bounds on ||Dy|| by somewhat similar argu-
ments. The conditions of Theorem 4.6 are satisfied, for example, if I' is a polygon.

(Choose x!' to be a corner of the polygon and x? to be some point on an adjacent
side.)

Theorem 4.6 In the 2D case, suppose x' and x* are distinct points on I, that ' is
C' in one-sided neighbourhoods T' and T? of z' and 22, and that (z' — 2?)-v(z) =0
for x € T while x* — 22 is not parallel to T'' at x*. Then, for some constants C > 0
and ko > 0, it holds for all k > kq that | Dy|| > Ck'/*.

Proof. We assume, without loss of generality, that the neighbourhoods I'* and I'?
are chosen so that the distance between I'' and I'? is strictly positive. Let 4 :=
(2?2 — 2')/|2% — z!| and note that (v — 2')/|z — 2| = 4 for z € T'2. Choose € > 0,
define ¢ € L*(T) by ¢(y) = exp(—iki - (z' —y)) if y € T with |2! —y| <€, =0
otherwise, and let ©p = Dy¢. Let T'! = {y € T : |y — 2| < €}. Then it follows from
(3.8) that

k

vl = -

r—y —ikt-(z'—
HO (ka — y) 2L () it ds<y>\.
Il |z =y

Choosing € dependent on k so that e — 0 as k — oo we see, using (1.25), that,
uniformly for x € I'?,

o)l = g 10 | [ e Gblle =l = (2= ) a@s)

+ o(k7V%) + o(ek'/?) (4.8)
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as k — oo. Now, uniformly for z € I'?,

x— !
|z — |
= |lz—a' + @ (a' —y) + O().

1/2

(@t —y) + O

w—yl = |z—2| +

Thus, choosing € = ck™"/% with ¢ > 0 sufficiently small, we can ensure that, for all

sufficiently large k,

~ T
Ello—yl—i @ -y —lo—a'| < T (4.9)

for x € I'?, so that

€ ck~1/2
[ ewtlle =yl - =) asn| = S5 = T @

and
clt - v(zt)|

2\/mlzr — x|

uniformly for x € I'? as k — oo. Thus, and since

6]l = \ / | ist)

we see that, for some constant ¢ > 0,

()] = + o(k™?) (4.11)

" = O(kY% (4.12)

1012

for all sufficiently large k. [

The conditions of the first part of the next theorem are satisfied with N = 0 by
some pair of points z* and 22 whenever I' is C*. Thus the theorem implies that if I’
is C' then, for some constant C' > 0, ||Dy|| > C for all sufficiently large k, a result
which (cf. (2.12)) appears to be sharp in the case when T is a circle. Note also that,
in the limit N — oo, the second part of the theorem recovers (almost) Theorem 4.6.

Theorem 4.7 In the 2D case, suppose x* and x> are distinct points on I, and that,
for some N € Ny, I' is C' and CN*! in one-sided neighbourhoods I'' and T'? of x!
and 2, respectively, and that ' — 2% is not parallel to T'' at 2. Without loss of
generality, choose I'? so that, for some € > 0 and f € CNTY(R) with f(0) =0,

? = {a? +ta+ f(H)n : 0<t<é}

where 4 = (2% — z') /|2t — 22| and 7 are orthogonal unit vectors, and suppose that,
for some N € Ng,

fO0) = fO0) = - = fM0) = 0. (4.13)
Then there exist C > 0 and ko > 0 such that
||Dk|| Z Cl{?N/(4N+4)

for all k > k.

23



Proof. Defining ¢,T'! and v as in the proof of Theorem 4.6 and, without loss of
generality, choosing € and e dependent on k so that € — 0 and € — 0 as k — oo, we
see from (4.8) that, uniformly for z € T'?,

(@) = e Ji vl

27|22 — x|

+ o(k7'?) 4 o(ek™/?)

[ e Gl =l = - (@ = )]) dst)

€

as k — oo. Further, uniformly for z € I'* and y € T'!,

[L’—l

z—y| = |z —a'| + m'(v‘cl—y) + 0()

as k — oo. Moreover, on I'?, x = 2% + ti + f(t)n, for some t € [0, €], so that, where
g9(t) = f(O)|z* — 2|/ (|2* — '] + 1),

x—a! _ a+g(t)n
|z — x| |4+ g(t)nl 1+ (g(1))>

>
IS
+
<
=
>

It follows from (4.13) that f(t) = OtV ™) as t — 0 so that g(t) = OtV ™) as t — 0
and so
lz—y| = |z -2 + a-(z' —y) + O e) + O(?)

as k — oo. Thus, choosing € = ck~%? and € = ¢k~ /CN*2) with ¢ > 0 and é > 0
sufficiently small, we can ensure that, for all sufficiently large k, (4.9) holds for z € I'?,
so that (4.10) and (4.11) hold uniformly for z € I'? as k — oo. Thus

¢ i - ()] £l/2
2 \/m|x? — 2t

¥l >

and, noting (4.12), we see that, for some constant C' > 0,

||Dk|| > |’||7£”2 > Cl{?l/4k?_1/(4N+4) _ Ck?N/(4N+4),
2

for all sufficiently large k. |

5 A lower bound on HA;;%H for trapping domains

In this section we give an example of a Lipschitz domain €2 with boundary I' for
which ||A,;,17|| grows as k — 0o, provided |n| < Ck for some constant C. By Theorem
2.2 (which implies that ||A,;}7H = 0O(1) as k — oo if |n| = k), such a domain cannot
be starlike in the sense of Assumption 2.1, and in particular cannot be convex. The
precise rate of growth and the class of domain for which this growth rate is achieved
are specified in the following theorem.
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0 2a U1

Figure 1: “Trapping” domain (2. is the exterior of the domain shown and contains
the square @ := [0, 2a] X [—a, d]

Theorem 5.1 There exists C > 0 such that, if ' is Lipschitz and €, contains a
square of side length 2a, two parallel sides of which form part of I', and if k = mx/2a,
for some positive integer m, and n € R\ {0}, then

-1
_ n
4551 = © e (1411) 6.1)

The proof of the theorem is given below. It will depend on the following useful

identity.

Lemma 5.2 Suppose D is a Lipschitz domain in R? with boundary OD. Then

8¢() f(y)
ap On """ [Vo(y)[?

— /) exp(i
[ v [ o] explikotuay 52)

for all f and ¢ for which the right-hand side is finite.

ik /D exp(iko(y)) f(y)dy = 5 exp(iko(y))ds(y)

Proof. By the divergence theorem,

9. . fy) fy)
op On " [V o(y)? Vo(y)l?

The required result follows by applying the product rule to the right-hand side. m

S0 exp(iko()dsty) = [ ¥ [ V() expliko(y)) | d
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Note that (5.2) appears in [20, §5] for the case when D is a simplex. There it is the
starting point for asymptotic expansions of oscillatory integrals on multidimensional
simplices. For that purpose a certain “non-resonance condition” on ¢ is imposed.
However this condition is not required for the simpler case (of one integration by
parts) which we consider here. Note that the requirement that the right-hand side of
(5.2) is finite can typically be attained by requiring f and g to be sufficiently smooth
and V¢ not to vanish on D (i.e. no stationary points of the oscillator ¢).

Proof of Theorem 5.1. Throughout the proof we shall use the notation A < B when
A/B is bounded by a constant which is independent of m and independent of the
quantity € introduced in (5.21) below. In the case when A/B is also a function of
position x on some part of I', we require that the constant be also independent of
x. We write A ~ B when A < B and B < A. Note that the constraint on k that
2ka = mm, for some m € N, implies that ka > 7/2 > 1.

We shall construct specific w, f € L?(T") such that

A = f,
loll 2 o'k, .
1Al s a ORI+ Il k), (5.5)
from which the result follows directly, on recalling that HA;]_k1 =14, HI

To construct w and f, without loss of generality we can assume that the square
Q :=[0,2a] x [—a, a] is contained in €2, and that the sides {(0,z2) : 2 € [—a,a]} and
{(2a,z9) : &9 € [—a,a]} form part of I' (see Figure 1). Then consider the function u
defined on €2, by

uly) = { sl Fnfe), o€ g;\Q’ (5.6)

where F(t) = (1 — t*)? (cf. [11]). Clearly v and Vu are continuous on €2, and u
satisfies

Au+k*uv = g onQ,, (5.7)
and (since 2ka=mm) u = 0 onT,
e sin(ky ) F'(y/a), @€ Q
| a7 sin(ky1) F" (y2/a), x € Q,
o =15 Tl (5.9

Moreover u clearly satisfies the Sommerfeld radiation condition in the far field.
Another solution of (5.7) which is valid in all of R? and also satisfies the radiation
condition is the Newtonian potential

uM(z) = AQ®(I,y)g(y)dy- (5.10)

Since vV also satisfies the homogeneous Helmholtz equation in the bounded domain
), we can write the relation between the Dirichlet and Neumann traces of ¥ as

u® _ 11 I=Dp S u (5.11)
oulN/ov | 2| —H, I+ D oul Jov |’ '
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where Hj, is the usual hypersingular operator on I'. (The matrix on the right-hand
side is usually called the Calderén projector. Note that its form is slightly different
to usual since our operators Dy, Sy, Hy here contain a multiplicative factor of 2.)

Also, since @ = u — v satisfies the homogeneous Helmholtz equation in €,
together with the radiation condition, we have, analogously,
. 1 _ .
u~ _ = ]—I-Dk Sk/ UN ' (512)
ou/0ov 2 H, [I-D, ou/ov
Thus, subtracting the first entries of each of (5.11) and (5.12) and using (5.8), we
obtain 5
u
Sy = 2u". 5.13
Yo “ (5.13)
Similarly, subtracting the second entries of (5.11) and (5.12) yields
u oulv
I+Dy)— = 2—. 14

Hence, combining (5.13) (multiplied by in) with (5.14) we obtain (5.3) with
w:=— and f:= (% - inuN) . (5.15)
Now, to obtain (5.4), an easy calculation (recalling 2ka = mm), shows
|w|* = 2/a E*|F(y2/a)|*dyy = ak®. (5.16)

To complete the proof we must prove (5.5) where f is given by (5.15). We begin this
by estimating ||u™V||. To do this we combine (5.10) and (5.9) to obtain, for x € T,

u(z) = Zujv(:c), where uﬁv(aj) = /Qexp(ik¢j(x,y))fj(k,:c,y)dy, (5.17)

with ¢;(x,y) = |z —y| + (—=1)7y,

a—2

fi(k, @, y) = (=1 = F" (g2 /@) o (klz — 1),

and ¥, defined by (1.27). We shall prove the required estimate for the oscillatory

integral ul’ (the case u} is analogous). The phase function for ul’ satisfies

Vo (z,y) = é - ; —(1,0)7. (5.18)

(Here and in the reminder of the proof, all differentiation is performed with respect
to y.) To estimate uf (x) for z € I', we distinguish three cases:

(1) ;=0 and 23 € [—a,d],
(2) 21 <0 and  x9 € [—a,al, (5.19)
(3) x1 >2a or To & |—a,al.
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It turns out that the dominant case is (1). We analyse this in detail first and then
explain briefly why cases (2) and (3) are less significant. In case (1), ¢; has a line
of stationary points {(s,z2) : s € [0,2a]} in ), with = at its left hand end (see Figure
2). Then, for any e satisfying

1 < e < oa, (5.20)

we divide the square () into a strip enclosing the stationary line,
Que ={(s,22+1):5€[0,2a] , t € [—¢,€]} NQ, (5.21)

and the remainder vag = Q\Qz.. (Note that vag consists of one rectangle if x5 <
—a + € or x93 > a — € and two rectangles otherwise.) Then

uf (r) = / exp(ik%(x,y))fl(k,x,y)der/ exp(ikoy (v, y)) fi(k, z,y)dy

x,€ Q:L',e
= ul(x) + 7. (x). (5.22)

112‘

Figure 2: The square () and the strip @, where © = (0,22) € I". The shaded area is
a typical rectangle R.

Using the fact that M, satisfies the bound (1.22) we estimate u () as follows:
W@l < a? [ Mkl yl) [F"(/0)| dy
Qe,c
2a €
< a_2k:_1/2/ |z —y|~YV2dy = a_2k_1/2/ / (5% +12)7V* dsdt
T,€ 0 —€

2a
< a_zk_l/2e/ t V24t < a3PE1 e (5.23)
0
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Turning to af,(z), without loss of generality consider the case when Q.. consists
of two rectangles and let R be the rectangle with y, > x5. (That is the shaded
rectangle in Figure 2.) Then, by Lemma 5.2,

ik / exp(ikoy(z,v)) f1(k, x,y)dy
R

— / 8¢1($,y) fl(kvxay)
or On(y) |Véi(z,y)?

1 )
- / Folk ) e A () exp(ik (. )y

exp(ikor(z,y))ds(y)

- [ 5t (i ) e explion )iy

/ Vfi(k,x,y).Voi(x,y)
[V (x,y)?

= T1+T2+T3+ T4, (5.24)

exp(ikoy(z,y))dy

We estimate each term on the right-hand side of (5.24). First, by definition of
Quc, |Vo1(z,y)] Z a™ e, for y € Qu., and so, using the bound (1.22),

|T'1] <ate! My(klz—y|)ds(y) < a te kY2 |y—x|_1/2ds(y) < a V22

OR OR
(5.25)
Next,

T4 S ae? /R IV £k, 2, )| dy
et {at [ 1/l [9a(kle = oy
v [ 1) |v<wo<k|x—y|>>|dy}
< { [ Mot~ oy + [ |%<k|x—y|>|dy}
S a_le_l{a_lk_l/Q/R|:E—y|_l/2dy—l— k_1/2/R|:E—y|_3/2dy},(5.26)

where to obtain this last line we use (1.22) and (1.28) and that k|x —y| > ke > 1 for
y € R. Now, taking polar coordinates about x and using (1.22), we obtain

/2 r2v/2a
/\x—y|_1/2dy < / / rY2rdrdd < o (5.27)
R 0 €

/ o=y 2y < a2 (5.28)
R

AN

Similarly,
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Combining the last two results with (5.26) we obtain for 74 the same estimate as for
T1:
T4 < a V21270, (5.29)

The terms T2 and T3 need slightly more careful estimation. Recalling that we
are dealing with Case (1), so that z = (0, x2), and using formula (5.18), the following
formulae are easily verified:

2
Vr(x, )| = —a| (ly —z[ —v1), (5.30)

and
1

1 Yo — T3 2
V| — .V = — . 5.31
Qv&@ww) nny) = g Qy—ﬂ—y) (5:31)

Now consider the term 72. Note first that it follows easily from (5.18) that
Ady(z,y) = |y —z|”" and hence,using (5.30) and (1.22), we have

1
T2 5/ ko y)| ——d
‘ ‘ R|f1( y)| (‘y_l"—?ﬂ) Y
1

< a_z/ My(k|z — —d
R L T
1
< 221 / SR E— (5.32)
r(ly =2l —v)

Then, rewriting (5.32) using polar coordinates centred at x = (0, z3), we obtain

/2 2v/2a 1
72| < a 222 / / ———rdrdf
sin~!(e/2a) JO (T — I cos 9)

w/2 1

< a kT2 / ——df

~ sin~1(e/2a) (1 — CO8 9)
w/2

< a2 / 072do < kT2 (5.33)
sin~1(e/2a)

Finally, to estimate 7°3, we employ (5.31) and proceed as in (5.32)—(5.33) to obtain

2
T3] S a2k V2 / L ( Y2~ T2 )dy
rly—z[ \ly—2zl—u

/2 2v/2a . 2
= @ V22 / / E (77‘ sin 0 ) rdrdf
sin’l(e/Za) 0 T T — T COS 9

w/2
< a2V / 072d0 ~ kY232 (5.34)

in~!(e/2a)

Combining the estimates (5.25), (5.29), (5.33), (5.34) with (5.24) and recalling that
R is a typical rectangle in (), ., we obtain

[y (z)] S ke, (5.35)
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Note also that the estimates in (5.25), (5.29) are smaller than those in (5.33), (5.34)
but we have to use the worst of the four to get (5.35).

Now, choosing € to equilibriate the estimates (5.35) and (5.23), we arrive at the
choice € = a®/°k~2/> (which also satisfies the requirement (5.20)) and yields the final
estimate uniformly for x satisfying case (1):

jul (z)| < a=¥M0E910, (5.36)

It is not difficult to check that the same estimate holds also in case (2). In this case
¢1 has the same line of stationary points as in case (1) and all the same manipulations
hold to obtain the same bound uniformly for = satisfying case (2). In case (3) the
phase of the integrand of u}¥ has no stationary points. A similar argument can be
applied if x is within a distance € of R. If x is further away then Lemma 5.2 can be
applied on all of ) yielding again the same estimate, uniformly for x satisfying case

(3). Therefore, since ud is estimated using exactly the same argument, we obtain

[u¥|| < a0/, (5.37)

We now consider du” /dv, for which the argument is very similar. First, mimicking
(5.17), we write (QuN /ov)(x) = S 2, ul.(x), where

]:1 I/,j

ufjvj(:z) = /Qexp(ik:gbj(a:,y))f,,vj(k,at,y)dy, rel, (5.38)
with ¢; defined as above,

Fuath) = (<17 (2200 P fa) 2w k),
and Wy defined by (1.27). Again without loss of generality it is sufficient to estimate
Jull1||. The three cases (5.19) have again to be considered, but we discuss only case
(1). As before, define the decomposition ufxl = u,]jv e T ﬂ,ﬂv 1. by simply replacing f,
by f,1in (5.22). Let U.(z) denote the ball centred at z of radius e. Recalling the
bound (1.23) and that ke > 1 by (5.20), a variation on the argument in (5.23) yields

s (@) < a7k | Mi(kle —yl)dy

v,1,e ~
Q€
_ k{ [ o=ty [ ey dy}
Usze(z) €
< a e+ a ek < 0 PE Y e, (5.39)

where in the last step we used that ke > 1.

To estimate 4,1, we replace fi by f,1 in (5.24) and, calling the corresponding
terms (7'1),, ..., (T4),, we estimate each of these terms in turn. Firstly, using (1.23)
and that and since k|z — y| > ke > 1 for y € R,

(T1),| < a tke! M, (kly — z|)ds(y) < a=Y2EY2e L (5.40)
OR
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Next, analogously to (5.26), and using (1.23) and (1.28)), we have
(@) 5 ot [ Vialkap)ldy
R

a*m*{aA/mem—MMy+k/mem—ymw}
R R
< a ket a Ma* kY2 + k[al/zk_3/2]} ~ a V2RV (5.41)

N

Finally the estimates for (T3), and (T3), are easily achieved from the previous
arguments. For (73),, follow (5.32) and (5.33) to obtain

1
(ly —z[ —y1)

< a2 /;dy < K22 (5.42)
r (ly = 2| =)

(T2),] < a*@/MA@u—mﬂ dy
R

Similarly |(73),| < k'Y2¢7%/2 and gathering all these estimates we obtain

i) ()] S KTV
Comparing this with (5.39), we see that again the choice € = a*/°k~2/® equilibriates the
estimates, yielding |u));(z)] < ok uniformly for z € T, and, consequently,

|ou® Jov|| < a0k (5.43)

Combining (5.43) with (5.37) we obtain (5.5) and the proof is complete.

6 Bounds on cond A;, and concluding remarks

In this section we summarise, in a convenient form for the reader, the theoretical
results obtained in the previous sections, and explore their implications in terms
of upper and lower bounds on the (identical) condition numbers of A, and A'y,,.
We remind the reader first of all that (1.17) and (1.18) hold so that cond Ay, =
cond Ay, > || Ak, A,;717|| = 1.

In the case of a general Lipschitz domain we have only the bound (3.12). For
a piecewise C'! Lipschitz domain we have also that Lemma 4.1 holds so that

1< || Apyll S 1+ EED2 k@372, (6.1)

(In this section we write A < B if, for some constant ¢ > 0 dependent only on €,
A < c¢B for all k > 0, and write A ~ Bif A < B and B < A.) In the case when T’
is Lipschitz, piecewise C? and starlike, satisfying Assumption 2.1, we have also,
from Lemma 4.1 and Theorem 2.2, that

1+k
1< 4l S 1+ ——. (6.2)

|n]
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Combining this equation with (6.1), we see that

1+ k
7]

if |n| ~ 14 k (e.g. if one chooses specifically n given by (2.17) or (2.19)).

The only other result we have for the 3D case (d = 3) is the bound (2.14) for
the case of a sphere. Combining that bound with (6.1) and (6.2), we have for the
sphere that

1 < cond Ay, < (1+ E97D/2 4 |p|kl4=9/2) <1 + ) <14 E94D2 0 (6.3)

14k
1 <cond Ay, < (1+[n|(1+ k)2/%) (1 + |Z—|) <1 +EY3, (6.4)

if [n] ~ 1+ kP, for some p € [, 1].

We turn now specifically to the 2D case, for which we have additionally the many
lower bounds of §4. We note moreoever that, adapting the arguments of §3 which
show that | Dy — Dy|| — 0 as k — 0, we can show that Sy depends continuously in
norm on k for k£ > 0 and that, thanks to the asymptotic behaviour of Hél) for small
argument, ||Sk|| — oo logarithmically as & — 0 (see [12] for more detail). Since also
Sk # 0 for k > 0, it follows that [|Sk|| is bounded below on (0, ky) for every kg > 0
while || Dy|| is bounded above by (3.10). These observations can be put together with
the lower bounds for k£ — oo in §4 to deduce lower bounds which hold for all £ > 0.
Specifically, for the circle it follows from these observations, (2.7), (3.5), (6.2), (2.7),
and Corollary 4.5, that, for n = k,

L4+ kY3 S Apgl ST+ ET2 4+ Y3, (6.5)
that ||A,;}7H =1 for all sufficiently large k, and that
1+EY3 <cond Ay, S1+E7Y2 4 kM3, (6.6)

For any 2D Lipschitz piecewise C? boundary?, applying (6.1) and Corollary
4.5 we have
L+l (1+ k)72 S Ak S 1+EZ + In[k™'72, (6.7)

so that, for any starlike 2D Lipschitz piecewise C? boundary for which (6.2)
also holds,

1+ k
1+ [n|(1+ k)3 < cond Ay, S (14 K2 + n|k/?) (1 + IJFTI) . (6.8)

If T is not strictly convex, i.e. has zero curvature at some point on I', then the
sharper lower bounds of Theorem 4.2 or 4.4 apply. For example, if I" is a polygon,
then, combining Theorem 4.2 with (6.1), we see that

L [nl(1+ )72 S [ Akl S 1+ K2+ [nlk12. (6.9)

2A 2D Lipschitz piecewise C? boundary is precisely a boundary I' consisting of a finite number
of C? arcs, with the corner angles where the arcs connect in the range (0, 27), so excluding cusps.
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Thus, for a starlike polygon,

1+k
L+ [n|(1+ k)72 < cond Ag,y S (14 Y2 + |n|k™/?) (1 + ‘—FT‘) . (6.10)

In particular, for || ~ 1+ k,
1+ kY2 <cond Ay, S1+E7Y2 4 kY2 (6.11)

We finish this section by bounding the condition number for trapping obstacles
that satisfy the conditions of Theorem 5.1 (see Figure 1). For such trapping ob-
stacles, which contain two straight parallel sides, distance a apart, separated by the
medium of propagation we have, from Theorem 4.2 and (6.1), that, if &k = mn/(2a)
for some m € N, then

L [nl(1+R) 72 S Akl S 1+ K2+ [n k2, (6.12)

Thus, applying Theorem 5.1,

-1
cond Ay, Z (1+ [|(1+ k)™/2)R9/10 (1 - % - (6.13)

In particular, if |n| ~ 1 4+ kP, for some p > 0, then this bound implies that
cond Ay, 2 1+ k1, (6.14)

with ¢ = 9/10 for 0 < p < 1/2, ¢ = p+4/10, for 1/2 < p < 1, and ¢ = 14/10 for
p > 1, including for the usual choice n ~ 1 + k.

In conclusion, we note that our results show that, asymptotically as £ — oo, the
conditioning of Ay, depends hugely on the geometry of I'. In particular, for the usual
choice n ~ 1+k, recommended e.g. in [18, 6], we have shown that cond Ay, ~ kY3 as
k — oo for the case of a circle, cond Ay, ~ k'/2 for the case of a starlike polygon, while
cond Ay, = k10 for all sufficiently large k satisfying the condition k = mm/(2a) for
some m € N, when I' is the boundary of a trapping obstacle satisfying the conditions
of Theorem 5.1.

In [12] we investigate these trends in more detail, and show the same effects on
the discrete level, when the boundary integral equations are discretised by a Galerkin
boundary element method, applying a mixture of theoretical analysis and numerical
experiment.
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