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Abstract. The Half-Space Matching (HSM) method has recently been developed as a new
method for the solution of two-dimensional scattering problems with complex backgrounds, pro-
viding an alternative to Perfectly Matched Layers (PML) or other artificial boundary conditions.
Based on half-plane representations for the solution, the scattering problem is rewritten as a system
coupling (1) a standard finite element discretization localized around the scatterer and (2) integral
equations whose unknowns are traces of the solution on the boundaries of a finite number of overlap-
ping half-planes contained in the domain. While satisfactory numerical results have been obtained
for real wavenumbers, well-posedness and equivalence of this HSM formulation to the original scat-
tering problem have been established for complex wavenumbers only. In the present paper we show,
in the case of a homogeneous background, that the HSM formulation is equivalent to the original
scattering problem also for real wavenumbers, and so is well-posed, provided the traces satisfy ra-
diation conditions at infinity analogous to the standard Sommerfeld radiation condition. As a key
component of our argument we show that if the trace on the boundary of a half-plane satisfies our
new radiation condition, then the corresponding solution to the half-plane Dirichlet problem satisfies
the Sommerfeld radiation condition in a slightly smaller half-plane. We expect that this last result
will be of independent interest, in particular in studies of rough surface scattering.
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1. Introduction and the scattering problem.

1.1. The HSM method. Recently, a new method called the Half-Space Match-
ing (HSM) method has been developed as an (exact) artificial boundary condition for
two-dimensional time-harmonic scattering problems. This method is based on ex-
plicit or semiexplicit expressions for the outgoing solutions of radiation problems in
half-planes.

These expressions are established by using Fourier, generalized Fourier, or Floquet
transforms when the background is, respectively, homogeneous [6, 5] (and possibly
anisotropic [32, 3, 31]), stratified [27], or periodic [17, 18]. The domain exterior to
a bounded region enclosing the scatterers is covered by a finite number N of half-
planes (at least three). The unknowns of the formulation are the traces ¢?, ..., <pN of
the solution on the boundaries of these half-planes and the restriction of the solution
to the bounded region. The system of equations which couples these unknowns is
derived by writing compatibility conditions between the different representations of
the solution. This coupled system includes second kind integral equations on the
infinite boundaries of the half-planes.
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This new formulation is attractive and versatile as a method to truncate compu-
tational domains in problems of scattering by localized inhomogeneities in complex
backgrounds, including backgrounds that may be different at infinity in different di-
rections. It has been employed successfully in numerical implementations for various
applications, like optical waveguides (including cases with different stratifications in
different parts of the background domain) [27], or ultrasonic nondestructive testing
(with an anisotropic elastic background) [32, 31].

Up to now the theoretical and numerical analysis of the method has remained an
open question in the challenging, and practically relevant, nondissipative case when
waves radiate out to infinity. But a rather complete analysis has been carried out in
the simpler dissipative case, when the solution (and its traces) decay exponentially at
infinity. In that case the analysis can be done using an L? framework for the traces:
the associated formulation has been shown to be of Fredholm type and well-posed
in a number of cases where the background is homogeneous (but not necessarily
isotropic) [6, 5], with the sesquilinear form of the weak formulation coercive plus
compact, enabling the numerical analysis of the method [5]. This analysis fails in
the nondissipative case, not least because of the slow decay at infinity of the solution
which results in non-L? traces.

1.2. Our main results. In this paper we address well-posedness of the HSM
formulation in the nondissipative case for the scalar Helmholtz equation when the
background is homogeneous and isotropic, so that

(1) —Au—k*u=0

outside some ball. (Here, assuming e~'“! time dependence with w > 0, k = w/c > 0,
and ¢ > 0 are the constant wavenumber and wave speed, respectively, outside the
ball.) For such configurations, it is well known that to achieve a well-posed scattering
problem the scattered field v must satisfy the Sommerfeld radiation condition

(2) a%(:;) —iku(x) =o <r*1/2) as 1 := |x| = +o0,

uniformly with respect to  := x/r. Further, it is well known that if u satisfies (1)
outside some ball and (2), then

eikr R L
(3) u(x) = e (F(®@)+0(r ")) as r— oo,

uniformly in Z := x/r, where F € C*°(S!), with S! the unit circle, is the so-called
far-field pattern (e.g., [11, Lemma 2.5]).

The main results of this paper (Theorems 3.5 and 4.1) are to establish well-
posedness for the HSM formulations, stated in detail as (30) and (57) below, in the
case that £ > 0 and the background is homogeneous and isotropic, so that the scat-
tered field u satisfies (2) and (1) outside some ball. Precisely, we show that the HSM
formulations are well-posed and equivalent to the original scattering problems pro-
vided we require that each half-plane trace ¢/ is locally in L? and has the asymptotic

behavior predicted by (3), meaning that
i . eikr 1
(@ P @) =ch Sy (1406 ™)

for some constants cji, as x tends to infinity in the + directions along the infinite

boundary of the half-plane. Note that condition (4) can be seen as a radiation con-
dition for the half-plane trace ¢/, playing the role in the HSM formulation for k > 0
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that the Sommerfeld radiation condition (2) plays in the formulation of the original
scattering problem.

Since (i) the HSM system of equations is derived from the unique solution to
the scattering problem and (ii) the half-plane traces of the solution to the scattering
problem do satisfy (4) (because (3) holds), we will see that existence of a solution
holds by construction. The challenge remaining in order to show well-posedness is
to establish uniqueness. There are two difficult aspects to this challenge. The first
is to show that if ¢/ satisfies (4) and u is the solution reconstructed from ¢’ in the
corresponding half-plane, so that u satisfies (1) in the half-plane and u = ¢’ on the
half-plane boundary, then u(z) = O(r~1/2) as r — oo and u satisfies an appropriate
version of the Sommerfeld radiation condition (2). These properties are established
in section 3.2. The second challenge, given that we assume ab initio only that the
traces ¢’ are locally L?, is to show that each trace ¢’ is locally in the trace space
H'Y2 so that the reconstructed solution u is locally in H' as required. But this
difficulty already arises in the corresponding formulation in the dissipative case, and
the proof in that case is sketched in [6, section 3.3]. As preparation for the more
difficult nondissipative case, we expand on that argument in section 2.2 below.

1.3. The significance of our results. The main significance of Theorems 3.5
and 4.1 is that these are the first well-posedness results in the important nondissipative
case for the HSM method, a method which, as discussed above, has already proved
effective for computing scattering by localized inhomogeneities in a range of complex
backgrounds. Our theorems, challenging as they are to prove, are for the simplest
case when the background is homogeneous and isotropic. However, we expect that
these results and formulations will be an important stepping stone to more complex
cases, and we discuss this further in concluding remarks to this paper.

Our main uniqueness result, Theorem 3.5, is also important because it is a crucial
ingredient in the proof of well-posedness in [4, section 5] of the so-called complex-scaled
HSM method, proposed recently in [4]. This new formulation is a version of the HSM
method in the nondissipative case that, in the spirit of complex-scaling in Perfectly
Matched Layers (PML) (e.g., [14]), achieves the L? framework of the dissipative case
by analytically continuing the half-plane traces into the complex plane, so that the
original half-plane boundary is replaced by a path in the complex plane on which the
(analytically continued) trace is exponentially decreasing.

Additionally, we expect that the results that we establish (in Lemma 2.3 and sec-
tion 3.2) on properties of the half-plane solution operator, which takes the trace on the
boundary of a half-plane and recovers the half-plane solution, will be of independent
interest. Indeed, there is large interest in so-called rough surface scattering problems,
where the Helmholtz equation (or more complicated vector equations) are solved in a
nonlocally perturbed half-plane D with boundary or transmission conditions on the
rough surface 9D (e.g., [13, 12, 1, 2, 24, 10, 28, 16, 33, 20]). In this context it is usual,
to ensure uniqueness, to impose the so-called upwards propagating radiation condition
(e.g., [12, 2, 24, 10, 16, 33]), which is precisely a requirement that, in some half-plane
above the rough surface, the solution can be represented as the action of this half-
plane solution operator on some L°° data on the boundary of the half-plane. This
rough surface scattering application, in particular the use of the upwards propagating
radiation condition, has driven significant study of this half-plane solution operator
(e.g., [8, 9], [13, section 2], [2], [16, section 2.3]). The results in section 3.2 contribute
to this study, shedding light on the relationship between the upwards propagating
radiation condition and the Sommerfeld radiation condition, complementing previous
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work, especially [13, Theorem 2.9] and [2, 20].

1.4. The scattering problem and the structure of this paper. Let us spell
out in more detail the two-dimensional scattering problem that we consider in this
paper. The propagation domain € is R?, or R? minus a set of bounded Lipschitz
obstacles so that € is a Lipschitz domain. We seek u that satisfies an inhomogeneous
Helmholtz equation,

(5) —Au—E*pu=finQ.

Here p is a function in L°°(§2) such that p—1 is compactly supported, so that if p is real-
valued and bounded below by a positive constant, (5) models propagation in a domain
with a local perturbation in wave speed.! The source term f € L2(1) is also assumed
to be compactly supported, so that (1) holds outside some ball. We suppose that the
wavenumber is such that & > 0 in the nondissipative case, and such that (k) > 0 and
(k) > 0 in the dissipative case. In the case when 2 C R? we require also a standard
(e.g., Dirichlet or Neumann) boundary condition on I' := 0. As is standard we seek
a solution u € H'(Q) in the dissipative case and u € H\ (Q) := {vjq;v € H} (R?)}
in the case £ > 0. In the nondissipative case we also require that u satisfies the
Sommerfeld radiation condition (2).

To explain the HSM method, our uniqueness argument, and the role of the radi-
ation condition (4), we consider two specific instances of the problem (5). To get the
main ideas across and to prove the key uniqueness and well-posedness result, Theorem
3.5, we focus first on the case when Q = R? \ O, for some convex polygon O, with
p =1and f =0, so that (1) holds in 2, imposing a Dirichlet boundary condition
u = g on I'. In this case, where (2 is the exterior of a convex polygon and (1) holds in
Q, the HSM formulation is a system of second kind integral equations, in which the
unknowns are the traces of u on the finite number of half-planes that abut the sides
of the polygon O. In section 2 we recall the HSM formulation for this problem in the
dissipative case, in particular how uniqueness is proved. In section 3 we prove our
main Theorem 3.5, i.e., we prove well-posedness in the nondissipative case under the
additional radiation condition (4).

In section 4 we consider the more involved case where f is nonzero and/or p # 1,
in which case the second kind integral equation formulation is coupled to a local vari-
ational formulation in a bounded region 2, containing 92 and the supports of f and
p — 1. In this case we assume, to be specific, that the boundary condition on 92 is a
homogeneous Neumann condition. (The changes needed, to the formulation and well-
posedness argument, to address other boundary conditions, and/or inhomogeneities
in the boundary condition, indeed to include other types of compactly supported in-
homogeneities, are straightforward.) The main result in this case, the uniqueness and
well-posedness result Theorem 4.1, is proved by use of Theorem 3.5 and by adapting
the proof of [4, Proposition 6.1]. Section 5 provides a brief conclusion and gives an
indication of more complex configurations to which the same methods and arguments
are expected to apply.

2. The HSM method for complex wavenumber.

2.1. The HSM formulation. In this section, as preparation for studying the
HSM method for a real wavenumber, we first recall what is known about the method

1Tt is straightforward to incorporate more elaborate local behavior (e.g., local anisotropies, or
local inhomogeneities in density as well as wave speed), as long as the resulting problem remains
well-posed.
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in the dissipative case. For this purpose, as discussed in section 1.4, we consider the
Dirichlet problem for complex wavenumber (J(k) > 0, R(k) > 0) in the exterior
of a convex polygon O. Thus, for given data g € HY/?(T"), where I' = 99 = 90, we
consider the Dirichlet problem

—Au—ku=0 inQ,
(6)

u=g onl.

It is well known that problem (6) has a unique solution u € H!(Q).

If O is a polygon with N edges denoted I'', ..., TV, the domain  is the union of
N overlapping half-planes €/, j = 1,..., N, that abut the N edges of the polygon O
(see Figure 1). The angle between I'V and I'V*! is denoted as ©7771 or equivalently
©7*LJ | where, here and in what follows, j € Z/NZ, where Z/NZ is the ring of
integers modulo A/. This convenient notation means that j = 0 is equivalent to
j=Nand j = —1toj =N — 1. Note finally that, because of the convexity, one has
0 < ©)+ < 1 forall j € Z/NZ.

2 3
2,3 . l’% . QL2
©2:3. , -~ )
x3e” b
xi Aa:%
37 @ ‘ >,7;%
)
E . 4 ]
24 >$2
3,4 Y, 4,1
C) 7 G
El 21

F1c. 1. Ezamples of polygons O for N'=3 and 4 and associated notation.

It is convenient to make use of local coordinate systems @/ = (27, 27) in each half-
space 7. The origin of all of them is the centroid O of the polygon O. We define the
Cartesian coordinate system (O, 2}, x1) such that the axis Oz{ is orthogonal to I'' and
directed into the exterior of the polygon, while the axis Ox} is 7/2 counterclockwise
to Ozl. The other local coordinate systems (O,z7,x?3) are defined recursively (see

Figure 1) as follows:

It = cos(©7H) &l 4 sin(©FI 1) 1,
(7) VjeZ/NT, || o o
2T = —sin(©77 ) 2] 4 cos(©77 ) 1),

Defining a7, for j = 1,..., N, to be the distance of the centroid of the polygon to the

edge IV, each half-plane €/ is defined in the local coordinate system (O, z7,z3) as

V= {z] > a’} x {a} € R},
and its boundary, denoted by Y7, is given by
S = {a) = a’} x {a} € R}.
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As explained in the introduction, the formulation uses the representation of the solu-
tion in each half-plane €27 in terms of its trace on X7. More precisely, let us denote

(8) QDj = u’zj fijZl,...,j\ﬂ
so that
©) ulg, =U(@?) forj=1,....N,

where, for j = 1,...,N and ¢ € H/2(%7), U’ (¢)) € H () is the unique solution of
~AU’ —k2UT =0 in VY,
(10) , ,
Ul =1 on X7,
this solution being well defined since (k) # 0. We can express U7 (1)) explicitly in
terms of its trace ¥ using a Green’s function representation:

(1) v = [ 2CE V) ey, o e,

s On(y?)

where G7(x7,y7) is the Dirichlet Green’s function for 2/ and n(y’) is the unit normal
to ¥/ that points into Q7. Explicitly, G (a7, y?) = ®(x?,y?) — ®(&’,y?), with &’
the image of @’ in X7, where ®(x,y) is the standard fundamental solution of the
Helmholtz equation defined by

i
(12) O(w,y) = ;0 (Klz —y)). @ ycR z+y,

where H,(Ll) is the Hankel function of the first kind of order n. This leads, finally, to

(13) Uil 2 [ PP

L U(y)ds(y?), al e Y,
i 8y1

which can be rewritten as
(1) UI)@)) = [ Hksal - oo~ ) vlal ) vl @) = (o], o) €
R

where we have set

ik, HY (k|x))

(15) H(k;xhl@) = 9 \33|

To derive a system of equations whose unknowns are the traces ¢’ of the solution,
it suffices to observe that the half-plane representations must coincide where they
coexist.

For instance, in the overlapping zone Q' N Q? (see Figure 2) we have

(16) u=Up') =U?(¢?) inQ'NQ2,
and in particular,

(17) ©* =U'(¢') on Q' NX?
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ol N Q2
2Nyt
QN2
1 2 2
o =U(¢7)
/ QN2
s p*=U'(¢")

FiG. 2. Compatibility condition in Q' N Q2.

which is a relation linking ¢! and 2. By introducing the operator D; o : L*(X!) —
L2(Q' N'¥?) defined by

Doty i= UMW) s 0 € LA(EY),
the relation (17) can be rewritten as
(18) ©®> = Diap' on Q' NXZ
From (16), we deduce similarly
o' =U%p?) on Q*NY,

another relation linking @' and ¢?. Repeating this with 1 and 2 replaced, respectively,
by j and j + 1, we get 2N equations linking the N traces. Let us introduce, for all
j € ZJNZ, the operators D; j11 : HY/?(37) — HY?(QJ N $9*1) defined by

(19) Djjz1 ¥ = U (§)| g gpers & € HYA(X).
Then the compatibility relations between all the traces can be written as

. ¢ =Dj 107" onQYTINYI,
(20) Vj € Z/NZ, ¢! =Djt1,;0T on YT NI

This system of equations has to be completed with the Dirichlet boundary condition,
rewritten as

(21) o =glpy onTY, j=1,...,N.

Note that for all j the operators D; ;11 can be given explicitly by using the repre-
sentation (13) for U7. They are integral operators and more precisely double-layer
potential operators (in the sense, e.g., of [15, 7]).

One can easily check that (20)—(21) is equivalent to the original problem (6) and
so is well-posed. We recall here the proof of this result because its general idea will
be used in the results proved later in this paper.
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THEOREM 2.1. In the case where R(k) > 0 and (k) > 0, there exists, for each
g € HY2(), a unique solution (..., oN) € HY2(X1) x -« x HY2(ZN) of (20)-
(21).

Existence was proven by construction of (20)—(21) from the solution u of (6),
with ¢/ := u|y; for j = 1,...,N. Uniqueness follows from the following proposition
since (6) is well-posed.

PROPOSITION 2.2. Suppose R(k) > 0 and (k) > 0, and let (o',..., o) €
HY2(SY) x - x HY2(SN) be a solution to (20)(21) (with g € HY/*(T")). Then, for
allj € ZJNZ,

(22) Uj(<pj) _ Uj+1(<pj+1) in Q7N Qj+17

and the function defined by u = U?(o7) in Q7, j = 1,..., N, is the unique solution
u € HY(Q) of (6).

Proof. To prove (22), let us set v = U7 (¢?) — UIT1(pI+1). By definition of the
half-plane representations U7 and U’T!, it is clear that v € H'(Q? NQ7*1) and that v
satisfies Av+k%v = 0in Q7 NI L. Moreover, the compatibility conditions (20) imply
that v vanishes on the boundary of 2/ NQ/*!. Using that S(k) # 0, one deduces that
v = 0 by uniqueness of the solution of the Dirichlet problem in £/ N Q7 +!. The rest
of the proof is straightforward. a0

It has been shown in previous papers [6, 5] that, for both mathematical analysis
and computation, it is more convenient to consider the HSM formulation in an L?
framework, which means that ¢/ is sought in L?(X7) instead of H'/?(%7) so that the
formulation is

Find (¢',...,¢"N) € L3(2Y) x --- x L2(XV) such that for j € Z/NZ,

(23) <p3: =Dj_1;¢7" on E]: nQi—t
J = glp; n T
¢ =glrs  onlV,
(pj = Dj+1,j (pj+1 on > N QJ+1.

Let us emphasize that this makes sense since D; ;111 is well defined by (19) and (14)
for all ¢ € L?(X7) and the operators D; ;11 are, in fact, continuous from L?(%7) to
L2($Y N X7%1) [6]. Tt has been shown in [6] that problem (23) is of Fredholm type.
More precisely, by rewriting it in an operator form, it is proven that the associated
operator is Fredholm of index 0. This means that existence of a solution is equivalent
to its uniqueness. We refer the reader to [6] for more detail. Here, we focus on the
question of uniqueness. We need to prove that, for a solution of (23), g = 0 implies
@! =0forall j =1,...,N. The sketch of the proof of this uniqueness result, which
is much less straightforward than in the H'/? framework, has been given in [6]. We
give a detailed presentation of this proof in the following paragraph, in a form that
will be directly used for our main result, which is uniqueness for the case of a real
wavenumber k.

2.2. The uniqueness result in an L? framework. The difficulty in proving
a uniqueness result for problem (23) comes from the fact that the half-plane solu-
tions U’ (p?) (with U7(¢7) defined now by (11), (13), or (14)) are, in general, not in
H(Q7), assuming only that ¢’/ € L?(37). But we will take advantage of the following
lemma which summarizes key properties of the half-plane solutions with L? and/or
L Dirichlet boundary data.
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LEMMA 2.3. Suppose that (k) > 0,R(k) > 0. Let ¢ € L*(R) + L*(R), and
define u(zx), for x = (z1,22) € R2 := (0,00) x R, by

(24) u(x) := /}{’H(k‘;xhb —t)p(t) dt,

where H is defined by (15). Then the integral is well defined as a Lebesgue integral
forx € Ri, u € C‘X’(Ri), and Au + k?>u = 0 in Ri. Moreover, if ¢ is continuous
on an open interval I C R, then u € C(R3 U~), where v := {(0,t); t € I}, and
u(0,t) = ¢(t), t € I. Finally, if € L*(R) and (k) > 0, then u € L*(R%) and there
ezists a constant Css > 0 independent of ¢ such that

(25) [ullz2m2) < Cocll@llL2m),

whereas if $(k) = 0, then for any L > 0, u € L*(wr,), where wy, == {x € R3; z; < L},
and there exists a constant Cr, > 0 independent of ¢ such that

(26) lullz2 () < CLldllL2®)-

Proof. From asymptotics of the Hankel function Hl(l) for large and small argu-
ments, it follows that, for every k with (k) > 0, (k) > 0, there exists a C' > 0 such

that
Ty

(27) |H(k; 21, x0)| < Cw(l + |-’B|1/2)673(k)‘m|.

It follows that, for € R%, the integral in (24) is well defined as a Lebesgue integral
for any ¢ € L?*(R) + L>°(R). To see that u € C*(R?%) and satisfies the Helmholtz
equation, it suffices to argue as in [9, Theorem 3.2]. If ¢ is continuous on an open
interval I C R, to see that u € C(R% U~) and that u(0,t) = ¢(t) for ¢t € I, it
is enough to show that u € C(R% U7) and that u(0,t) = ¢(t) for t € I for every
compact 7 := {(0,t); t € I} C 7. So suppose I C I is compact and write ¢ = ¢1 + ¢
where the support of ¢ does not intersect I and ¢1 is bounded and continuous.
Correspondingly, we can split u as u = u; + uz, where u; is defined by (24) with ¢
replaced by ¢;. It follows from the definition that uy € C(R% U75) with u2(0,¢) =0
for t € I, while u; € C(R2) and uy(0,t) = ¢1(t) for t € I by [8, Theorem 3.1], so that
u(0,t) = ¢(t) for t € I. Concerning the L? estimates (25) and (26) let us recall that
for ¢ € L*(R) and 12 € L?(R) the convolution product v * 15 belongs to L?(R),
with the estimate (Young’s convolution inequality)

11 * P2ll2w) < Y1l @) l1¥2ll 2 r)-

For a given x; > 0, this implies that
2
[ utoren)any < | [ s oldea] ol
R R
From (27), we deduce that, for some C’ > 0,
/ |H(k;l‘1,$2)|d.’l)2 < C/(l + 1’1)1/26_%(““7 xr, > 0.
R

One easily obtains the estimates (25) for (k) > 0 and (26) for S(k) = 0. d
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Now to prove the uniqueness result, we need some results concerning L? solutions
of the homogeneous Dirichlet problem in a domain with corners. We gather in the
next lemma the results that we need which are proved in [19, Chapter 2] (see Theorem
2.3.3 and the proof of Theorem 2.3.7).

LEMMA 2.4. Let Q be a bounded polygonal domain with N wvertices denoted by
S1,-..,SN. Let us suppose that Q has M < N re-entrant vertices that can be supposed
to be Sy,..., Sy without loss of generality. Let P := {S1,..., Sy} and suppose that
w € C(Q\ P)NC*Q) satisfies Aw = 0 in Q and w = 0 on 0Q \ P. Then, if
w € L3(Q), there exist w € H'(Q) and M complex constants cy,...,cayr such that

M
w(z) = w(x) + Z Con O SN (70, Jt),  ® € Q,

m=1

where, for each m, oy, is the interior angle of Q at Sy, and (rm,0,) are the polar
coordinates of x whose origin is Sy, such that 0,, is the angle from one of the sides
of 0Q containing S,,. In particular, if M =0 (Q is convez), then w = 0.

The previous lemma will be used to prove that particular L? solutions of the
Helmholtz equations in unbounded domains with Dirichlet boundary conditions are
in fact H' in every bounded subset of the domain. To prove that they are H! in the
whole domain, we will resort to the following result, whose proof follows the arguments
of [30, Lemma 2.2].

LEMMA 2.5. Let I C R? be an unbounded open set such that g := {x € II; |z| <
R+1} is a Lipschitz domain for all sufficiently large R > 0, and v € L*(11) a function
such that v|p € HY(B) for all bounded open subsets B of I1. Ifv satisfies the Helmholtz
equation Av + k*>v =0 in I1 and its trace is zero on O, then v € H'(II).

Proof. Let us define the truncation function xg(x) := Fgr(|z|), where Fr €
C>(R™") is chosen such that 0 < Fr <1, Fg =1 on [0,R], Fr = 0 on [R + 1,+00)
and there exists a constant ¢ > 0 independent of R such that |Fj| < ¢y/Fg (this can
be achieved by defining Fg so that Fir > 0 on (R, R+ 1) and vanishes quadratically
at R+ 1). One has for all R > 0

/ (Av + E*v)ox g dx = 0.
i

Since v € H'(Ilg;A) := {u € H'(IIg); Au € L*(Ilg)} we can apply Green’s first
identity in IIg. Using that v vanishes on OII, this yields

/H|vv|2XR da < k?||vl|72(my +

/ vVov-Vxgrdzx
m

Since |Vxr| < ¢y/Xr, applying the Cauchy—Schwarz inequality gives

/H Vol xnde < Kol + cllolaan /H Voloxr de,

from which we deduce the existence of a constant C' > 0 independent of R such that
[ Vel xnde < Clolf

This being true for all R, we can conclude that v € H*(II). d
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We are now able to prove the following well-posedness result.

THEOREM 2.6. If R(k) > 0 and (k) > 0, then there exists, for each g € HY/?(T),
a unique solution (p*,...,oN) € L2(X) x --- x L2(N) of (23).

This is a direct consequence of the following proposition and Theorem 2.1.

PROPOSITION 2.7. Suppose R(k) > 0 and S(k) > 0, and let (',...,oN) €
L2(2Y) x - -x L2(2N) be a solution of (23) (with g € HY/?(T")). Then o/ € HY/?(%7),
j=1...,N

Proof. The proof consists of two steps.

1. Prove the relations (22) as in Proposition 2.2 but note that here the functions
(¢',...,¢") that solve (23) are a priori supposed to be only in L2

2. By noting that the traces on X, ..., ¥V of the unique solution of (6) form a
solution of (23) (and are obviously in H'/2), it suffices to prove that if g = 0,
@l =0for j =1,...,N. To prove this uniqueness result, we show that, in the
case that (¢!, ..., ") satisfies (23) with g = 0, the function defined (thanks
to step 1) by u = U7 (p?) in Q7 (U’(¢?) defined by (13)) is in H'(2), with
zero trace. Therefore, it is equal to 0 everywhere as the unique solution of
(6) for g = 0. We finally deduce that each ¢/, which we show is the trace of
uon Y7, is zero.

Step 1. As in the proof of Proposition 2.2, we introduce v = U7 (@) — U Tt (i 1),
where the ¢/ € L?(%7) satisfy (23), in particular satisfy (20). A priori, we just know,
thanks to Lemma 2.3, that v € L?(Q/ N Q7 F1) N C°°(Q/ N Q/F1) and that v satisfies
Av + k%0 = 01in 7 N QIFL. Note that it follows from (20) and Lemma 2.3 that the
©7’s are, in fact, continuous on ¥/ \ T, so that, from Lemma 2.3, U7 (¢’) € C(QJ \T7)
and U7 (p7) = 7 on ¥\ T9. As a consequence, v is continuous in Q9 N QI+1, except
maybe at S;, the intersection of ¥ and ¥/*!  and, thanks to (20), v vanishes on
(Y NQITH\{S;}. Tt follows by standard reflection and elliptic regularity arguments
that v € C>° (W N QI {S5;}).

To conclude that v = 0, we need only prove that v € H*( N QI+1). First, we
show that v is H! in all bounded subdomains of 2/ NQ7+L. Let us introduce a bounded
convex polygon O’ such that O C O’ (see Figure 3). Then Q := O’ N QY N Y+ is
a convex polygon. Let us consider the following Dirichlet problem: find © € H(Q)
such that
Av =k inQ,

v on 0Q).

This problem has a unique solution as v € L?(Q) and the restriction of v to 9Q is in
HY2(0Q)NC(9Q), since v € C=(Q\{S;}) and if we set v = 0 at S, v|sg vanishes in
a neighborhood of S;. Further, by standard elliptic regularity arguments, © € C*(Q)
and (see [25, Corollary 7.11.7]) ¥ € C(Q). One can finally apply Lemma 2.4 to the
function w = v — 9 € C(Q \ {S;}) N C%(Q) N L*(Q). Since Q is convex, we conclude
that w = 0, and consequently that v|jo =0 € H*(Q). As v € C®(Q N W+ \ {S;}),
we deduce that v is H! in all open bounded subdomains of Q7 N QJ+L. Since also
v € L2V N QIFY) satisfies the Helmholtz equation in Q7 N Q7! and vanishes on
O N QT Lemma 2.5 implies that v € H(Q/ N Q). Thus v = 0 so that (22)
holds.

Step 2. The second step consists of proving that if ¢ = 0, the function defined
by u = UJ(¢?) in 7 is equal to 0 everywhere, and deducing from this that each
¢/ =0. For j =1,...,N, as above let S; := £/ NI *! so that P := {S1,Ss,...,Sxv}
is the set of corners of 9 (i.e., the set of vertices of the polygon O). Since, for
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each j, ¢/ is such that ¢/ = g = 0 on IV, and ¢/ € C(X7 \ P) (see Step 1), it
follows from Lemma 2.3 that v € C®(Q/) N L*(QY) N C(Q \ P) and u = ¢’ on
¥\ P. In particular, u = ¢/ = 0 on IV, and Au + k?u = 0 in /. Consequently
u € C®()NLAQ)NCQ\P), Au+k?>u=0in Q, and u =0 on 9N\ P.

Again, to conclude that u = 0, we need to prove that u € H(2). We proceed
as in the first step of the proof. Introducing the bounded polygon ' := O'\ O, we
denote by 7 the unique solution in H*(Q') N C (') N C?(Y) of the Dirichlet problem

AG=k*u in ¢,
u on 0.

IS

Then we apply Lemma 2.4 to the function w = u — @ € C(¥'\ P) N C%(Q') N L2(Y).
But, in contrast to the argument in the first step, the polygon € is not convex and
has N re-entrant corners at the vertices S, Sa, ..., Sy. Consequently, we deduce
from Lemma 2.4 that there exist a function @ € H(Q') and N complex coefficients
c1,...,cn such that

N
w=w+ ch r;ﬂaj sin(mf;/a;) in £,
j=1

where, as explained in the lemma, «; is the interior angle of ' at S; and (r;,0;)
are polar coordinates centered at S;. The definition of 6; is such that sin(76;/c;)
vanishes on X7 N 9O and L7+ N OO, but note that it does not vanish on X7 N QI+,
Since ¢/ € L?(X7), 4 € C(¥), and w = u — @ = ¢ — @ on ¥/ N Q/, we must have
w € L*(X7 N Q), which is possible only if ¢; = 0. Indeed, since o; < 27, we have
/o > 1/2 so that r]-_ﬂ/aj is not square integrable near r; = 0. Summing up, we have
w=wand u=1a+w € H'(Q). Since u € C*(), one concludes that u is H' in all
open bounded subdomains of €, and, finally, thanks to Lemma 2.5, that u € H'(Q).
We have shown that u € H(2) and u satisfies (6) with g = 0. Thus u = 0 and since
@) =wu on ¥\ P, we have that ¢/ = 0 for all j, which ends the proof. 0

QlNnQ?

Q

El

FiG. 3. Illustration for the proof of Theorem 2.6 in the case j = 1 and N = 3. The convex
polygon O’ is indicated in gray and the boundaries of O and Q with dotted contours.

3. The HSM method for real wavenumber.

3.1. The HSM formulation. In this section we consider the Dirichlet problem
of the previous section, but now with a real wavenumber k > 0. We seek u € H[ ()

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/26/22 to 134.225.255.38 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

THE HALF-SPACE MATCHING METHOD FOR REAL WAVENUMBER 1299

such that
~Au—k?u=0 inQ,
(28)

u=g onl

for a given g € H'/2(T), and such that u satisfies the Sommerfeld radiation condition
(2), which it is convenient to rewrite as

. ou(zx) .
1/2 oulx)
(29) lim RY“sup { ‘ . iku(x)

;|w|:R}=0.

It is well known that this problem has a unique solution.

Let us now give an HSM formulation of problem (28)—(29). If we set as before
Q= u‘zj for j =1,...,N, one can easily check by a Green’s identity argument that
the half-plane representations (9), with U’(?) given by (11) (equivalently, (13) or
(14)), still hold. A main difference with the case of a complex wavenumber is that now
the solution of (28)—(29) decays only slowly, like 771/2 as 7 — oo, so that we cannot
expect that ¢/ € L?(X7). However, ¢/ € L*(37) + L°°(%7) so that, for ] > a7, the
integral

[ kil == ) )

is still well defined by Lemma 2.3. Then one can check, exactly as in the case of a
complex wavenumber, that the ¢7’s satisfy the following HSM equations:

<p3: =Dj_1,;¢7! on Zj NQi-t
(30) o =gl oDV, jeZ/NL
(p] = Dj+1,j (p‘7+1 on X N QJ+1,

where
(31) Djjt1 sﬁj = Uj(¢j)|gmgjiu

with U7(¢7) given by (11). The idea is again, for numerical purposes, to replace
problem (28)—(29) by the system of equations (30). But in contrast to the case with
(k) > 0, it is not clear in which space the functions (’’s must be sought to make
(30) uniquely solvable. In what follows, we will provide a framework which ensures
existence and uniqueness of the solution of (30). More precisely, in this framework,
the unique solution of (30) is given by ¢’ := “‘zjv where u is the unique solution of
(28)—(29).

Let us first recall, as just remarked above, that U7 (y) is well defined when ¢ €
L2(%7) + L*(%7) by Lemma 2.3, and, indeed, we will require that the solution of
(30) satisfies ¢? € L*(¥7) + L>(X7) for j = 1,...,N. But, as discussed in section
1.2, our uniqueness result requires an additional property: analogously to requiring
that u € H () satisfies the Sommerfeld radiation condition when k is real, we will
require, for 7 = 1,..., A, that ¢’ has the following asymptotics playing the role of a
radiation condition:

o e[ =12 (14 0(Jt|™Y) as t— +oo
39 J(al t) = T 7
(32 sty {dewm*ﬂa+mw*»=wt%—w

for some constants cﬂ[ € C. This obviously holds when ¢/ := u}zj, where u is the
unique solution of (28)—(29), since, as discussed in section 1.2, u satisfies (3).
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The main result of the present paper is Theorem 3.5 stating that the radiation
condition (32) is strong enough to ensure uniqueness for (30) for k real. We will prove
it by following the same steps as in the case of a complex wavenumber, proving first the
compatibility of half-plane representations in the overlaps between half-planes, and
then uniqueness for the reconstructed solution in the exterior domain 2. To establish
these results, we will use classical uniqueness results for the Helmholtz equation on
unbounded domains when the solution satisfies the Sommerfeld radiation condition
at infinity. A preliminary question is as follows: Can we prove, using (32), that the
half-plane representations (14) satisfy a Sommerfeld condition at infinity? We will
establish in the next subsection a slightly weaker result which will be sufficient for
the proof of Theorem 3.5.

3.2. Properties of the half-plane solution. We consider in this subsection
the half-space R% := (0,00) x R. Let us prove a preliminary lemma for the solution of
the Dirichlet problem in R% given by (24) in the case that the Dirichlet data decays
sufficiently rapidly at infinity.

LEMMA 3.1. Suppose that ¢ € L°(R) satisfies, for some p > 1,
(33) o) < (X +1[t)77, teR,

and define u(zx), for x € R%, by

(34) u(x) = /R"H(l@;xl,mg —t)p(t) dt.

Then there exists a constant C(p) > 0 such that
(35) lu(z)] < C(p)(1+|z)~'/2, = eRi.

Proof. We will use the bound (27), where C' > 0, there and throughout the
remainder of the proof, denotes a constant independent of & (and also independent
of p), not necessarily the same at each occurrence. It will be convenient for the proof
to denote by u[¢] the function u defined by (34). Then by defining x,, € L>(R), for
r9 € R, to be the characteristic function of the interval

I, ={t e R;|za — t| < (1 +|22])/2},

we have u[d] = u[xz, @] + u[(1 — xu,)¢]. We will establish the bound (35) for each
term of the sum (cf. the argument between (4.16) and (4.17) in [1]).
For the first term we have

e ) ()] < / H (ks 21, 22 — )X (D] S,

which gives

1t|zo]

(36) |ulxz, @ ()] < QHsz(bllLoo(R)/o T Mk, s)|ds.

Now note that if |t| < |z2|/3 and |za| > 3, then |t — xa] > 2|x2|/3 > (1 + |22])/2, so
that xa, () = 0. Thus, for |z3| > 3, (33) implies that

IXw: Pl < sup [o(0)] < (1+ |22|/3)77,
[t1>]x2]/3
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while also [|Xz, ¢l Lo ®) < |]lL~@) < 1, for every z2 € R, so that

(37) X2 @l @) < C(1+[2))7?, 2 €R.
Moreover, it follows from (27) that

14|ao] 1+|zo]

2

|H(k; 21,8)|ds < Cwl/ [(m% Ty v 32)_3/4} ds

0 0
1+|zg|

:C/ 2w |:(1+t2)—1 +x1/2(1+t2)—3/4:| dt
0
1-;!w2\
SC’(1+x1)1/2/ L1+t
0

1
< C(1+21)"?min (1, i x2|> .
2l‘1

Combining this with (36) and (37), we get the following estimate:

ufXas @) ()] < C(1 + [22]) (1 + 21)"/2 min (17 1 erx@') 7
1

which gives the expected bound (recalling that p > 1)
Julxa@](@)] < C(L+ |2) /%, @ eRL.
To see that the same bound holds for u[(1 — X, )¢], we note that
[ul(1 = Xa»)8)(@)] < Csup [H(k; 21, 22 = 1)(1 = Xa, ) (0] / |¢(t)] dt.
€ R

Observing that, for © € R7 and ¢t € R\ I,
(@7 + (22 = ))? > (@F + (1 + [w2])?/4)'/ > C(1 + |a]),
and using (27) and (33), it follows that, for € R%,

I C _
(38)  [ul(1 = Xz, )¢l (2)] SCW/Rsﬁ(t)IdtS pan A G 2 0

(

It follows from standard interior elliptic regularity results that if u € Cz(Ri)
satisfies
Au+k*u=0 inR3,

then for every € > 0 and & € RZ with 1 > ¢, so that {y € R* |z —y| <e} C R,
(39) Vu(e)| < € ——— max |u(y)],

where C is an absolute constant (see, e.g., [13, Lemma 2.7]). Combining this estimate
with the previous lemma, we immediately have the following corollary.

COROLLARY 3.2. Suppose that ¢ € L (R) satisfies (33) for some p > 1. Then
there exists a constant C(p) > 0 such that for all e > 0, the function u defined by (34)
satisfies

1 k2 2
(40) Vu(@) < Co) ———(1+ o) 1> meR
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Now, using the previous results, we will establish a radiation condition for u
defined by (34) when its trace ¢ satisfies itself a radiation condition.

LEMMA 3.3. Suppose that ¢ € C(R) satisfies

k|t 4—1/2 —p

cy et +O(]t|7?) as t— +oo,

41 = .

(41) o(t) { c_eFtE =12 L O(|t|7?) as t— —oco

for some constants cy,c_ € C, andp > 1. Defineu by (34) inR%.. Then the following
properties hold:

(i) there exists a constant C > 0 such that

(42) (@) < C(1+[2))7"2, zeRY;
(ii) for alle >0,

(43) lim RYZsup { dul@) _ iku(x)

;1 > € and |x| :R} =0.
R—+oc0

Proof. We use the same notation u[¢] for (34) as in the proof of Lemma 3.1. We
prove this proposition by writing ¢ as ¢ = ¢ + ¢, and correspondingly writing
the integral (34) as u[¢] = u[¢V)] + u[¢(?)], choosing this splitting as follows: ¢(1) is
the trace on the boundary of a solution of the Helmholtz equation in Ri that clearly
satisfies (42) and (43), and ¢(*)(t) decays sufficiently rapidly as [t| — oo so that,
thanks to Lemma 3.1 and Corollary 3.2, u[¢(?)] also satisfies (42) and (43).

In more detail, from the asymptotics of the Hankel function H((,l) it follows that,
for some nonzero c¢* € C,

(44) ®(x, (0,1)) = ¢ Flt=22l 1712 L O(|t|73/%) as |t] — oo

for every & € R2. Pick z = (21, 22),2" = (21, 25) € R? with k(22 — 2})/7 € Z, and
with 21, 2} < 0. Define (1) € C(R) by

(45) dM (1) = (¢/c*)®(2,(0,1)) + (¢ /c*)@(2, (0,)) fort e R.
Then ¢M(t) has the same leading asymptotic behavior as ¢(t) as t — 400 provided
(46) ce 72 4 femh% — ¢ and  celF 4 e = ¢

Let us choose ¢ and ¢’ so that these two linear constraints hold; this is possible since
k(zo — 25)/m € Z implies that the determinant exp(ik(z} — 22)) — exp(ik(z2 — 24) =
2isin(k(ze — 25)) # 0. Then it is clear from an application of Green’s second identity
that, for x € R2, u[¢pM](x) = (c¢/c*)®(z, )+ (¢ /c*)B(2', ) (see, e.g., the proof that
(ii)=(v)=-(i) in [13, Theorem 2.9]). Hence u[¢(V)] satisfies items (i) and (ii).

It remains to show that the same is true for u[¢(®] where ¢®) = ¢ — o). Tt
follows from (41) and (44)—(46) that, for some ¢g > 0, where p’ := min(p, 3/2),

(47) 0 (B)] < co(L+[t) 7, teR

Item (i) is, therefore, a direct consequence of Lemma 3.1. To see that u[¢(?)] also
satisfies the radiation condition (ii), choose ¢ € (1,p’) and, for each A > 0, let x4 be
the characteristic function of the interval [—A, A]. Write u[¢(] = u[x 4¢P ] + u[(1 —
x4)¢@]. Now, by (47),

(1= xa(8)$P ()] < co(L+]t]) (1 + AT
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so that, by (35) and (40) (applied with p replaced by ¢), there exists a constant
C(g) > 0 depending only on ¢ such that

ul(1 = xa)¢P]()] < C(g)co(1 + AP (1+|z)) "2, xeRE,

and from Corollary 3.2, for all € > 0, there exists a constant C(gq,e) > 0 depending
only on ¢ and € such that

IVul(1 = x4)p@ (@) < Clg.e)co(1+ AT P (1+[x)) M2 a1 >e 22 €R.
Let us set for any function v defined on RZ.

ov(x)
or

Mg (v) == RY?sup {‘ —ikv(x)

;a1 > € and |w|:R}.

It follows from the estimates above that, for all R > 0,
Mp.(u[(1 = x4)9?]) < max(C(q), O(g,€))eo(1 + A)" 7.

Thus, for all € > 0, given 7 > 0 we can choose A > 0 such that Mg - (u[(1—x4)$?]) <
n/2 for all R > 0. But also, for each A > 0, it is standard that u[xa¢®](z),
a double-layer potential supported on a bounded interval, satisfies the Sommerfeld
radiation condition, in particular that Mg (u[xa$®]) < 1/2 for R large enough.
Thus, Mg . (u[¢p®]) < n for all sufficiently large R, which concludes the proof. d

COROLLARY 3.4. Suppose that ¢ = ¢1 + ¢2, where ¢p1 € L?*(R) is compactly
supported and ¢o € C(R). If ¢ satisfies (41) and u is defined by (34), then
(i) there exist two constants C >0 and R > 0 such that

(48) lu(z) < C(1+ |z)"Y%, xR, |z|> R;

(ii) for all e >0, (43) holds.

Proof. Again, we write u[¢] = u[p1] + u[p2]. The properties for u[ps] have been
established in the previous lemma, while u[¢;] is a double-layer potential supported
on a bounded interval for which such properties are standard, e.g., [11, Theorem 2.14,
Lemma 2.5]. d

3.3. Proof of the uniqueness result. We are now able to prove the first main
result of this paper.

THEOREM 3.5. Suppose k > 0. There exists, for each g € HY?(T), a unique
solution (', ...,oN) € L2 (BY) x --- x L2 (ZN) satisfying (30) such that, for all j,
¢’ satisfies the radiation condition (32).

Existence was proven by the construction above of a solution of (30) from the
unique solution u of (28), (2), namely ¢/ := u|s;, 7 = 1,...,N. Note, in particular,
that the Sommerfeld radiation condition (2) for u implies the far-field asymptotics
(3), which implies in turn that each trace ¢’ satisfies the radiation condition (32).
Uniqueness follows from the following proposition since (28), (2) is well-posed.

PROPOSITION 3.6. Suppose k > 0, and let (p*,...,oN) € L2 (Z)x---x L2 (ZV)
satisfying (30) (with g € HY?(T')) be such that, for all j, @' satisfies the radiation
condition (32). Then the compatibility equations (22) hold for all j € Z/NZ, the func-
tion defined by uw = U’ (p7) in 7, j =1,...,N, is the unique solution u € H\. () of

(28), (2), and @l = u|ss for each j.
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Proof. For each j, ¢ can be decomposed as ¢/ = ¢} + ¢} with ¢! = ¢7x’, and
@} = ¢ (1=x",), X, being the characteristic function of {(z] = a’,23); 2}, € (— A, A)}.
Since 7/ € L2 .(%7) satisfies (32), we have that ] € L?(%7) with compact support
and, for A large enough, ¢} € L>(%7). From Lemma 2.3, and by the definition (31) of
the operator D; j11, since (¢, ..., o) satisfies (30), we deduce, provided we choose
A large enough, that ¢} € C(%7) for all j.

We follow now the same steps as in the proof of Proposition 2.7.

The first step consists of proving equations (22). Again, we introduce v =
Ul (p?) — U7 (7 T1) and one can show by using Lemma 2.3 as in the proof of Propo-
sition 2.7 that v € LE (7 N QT nC>® (7 N QI N C(Q N QI+ {9;}), satisfies
Av+k%*v = 0in Q7N and vanishes on 9(7 NI 1)\ {S;}. Moreover, proceeding
exactly as in the proof of Proposition 2.7, one can show that v € HL (7 N QI+1).
We would like, by applying Corollary 3.4 to U7(¢?) and U/t (¢7*1), to deduce that
v also satisfies the Sommerfeld radiation condition in / N Q/*+!. The issue is that
Corollary 3.4 does not ensure that v satisfies the Sommerfeld radiation condition up
to the boundary. But this difficulty can be overcome; since v = 0 on 9(2 N Q1) re-
flection arguments and standard elliptic regularity results combined with the estimate
(48) imply that, for R large enough, there exists a constant C' > 0 such that

(49) lo(x)] + [Vo(z)] < C(A+ |e))7V2, e N+ |z >R
Then, denoting ¥4, := {& € O/ N QW+ |x| = R} and

& (x) := i xr —yl,
(@) yea(g}lmnmﬂ)l vl

one has by (49) for all R large enough,

/mez:;,dj(w)a

where the constant C is independent of R. Combined with (43) with ¢ = 1 applied
to UJ(¢?) and Uit (piT1), this proves that

2

Ov(z) ds(z) < C(1+ R)2,

or

—ikv(x)

2

ov(@) ds(x) =0,

I
(50) im B

R— J
“+oo Z%

—ikv(x)

i.e., v satisfies the Sommerfeld radiation condition in a standard integrated form.
Since v € HL (97 N QI+1) satisfies Av + k?v = 0 in 7 N Q! the Sommerfeld
radiation condition (50), and vanishes on 9(£7 N Q7 *1)\ {S;}, one can conclude that
v = 0 by uniqueness of such problems in conical domains [21].

The second step of the proof is simpler. Arguing as in the proof of Proposition
2.7, it is enough to prove, in the case g = 0, that the function defined by u = U7 (¢?) in
V,j=1,...,N, is equal to 0 everywhere, and to deduce from this that each ¢’/ = 0.
Proceeding exactly as in that proof, one can show that u € H} _(Q) N C(Q\ P),
where P is the set of corners of 92, that u is a solution of (28) with ¢ = 0, and
that ¢/ = u|s; on X7\ P. Moreover, thanks to the overlaps between the half-spaces
€, one can deduce from Corollary 3.4 applied to each U7(¢?) that u satisfies the
Sommerfeld condition (2). This implies that u = 0 so that ¢’ = 0 for all j. d

Theorem 3.5 is a (new) well-posedness result for (30) in the case of real k. And,
indeed, numerical solution of (30) works well [6, 5] for real k. However, there are still
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significant gaps in our theoretical understanding of this formulation. In particular,
while (23) for complex wavenumber k can be written formally in operator form sat-
isfying a Fredholm property, in the case when k is real we know of no function space
setting for which this formulation makes sense, where the D; ;i are well-defined
bounded linear operators.

4. General configurations. Let us now recall how to extend the HSM formu-
lation to the general problem presented in the introduction and extend the previous
uniqueness result to this new formulation. More precisely, for a real wavenumber
k > 0 we consider, as discussed in section 1.4, the isotropic Helmholtz equation (5) in
a Lipschitz domain €, where p — 1 € L®°(2) and f € L?(f2) are compactly supported
and Q is R? or R? minus a set of Lipschitz obstacles which are supposed to lie in a
bounded domain. To ensure uniqueness we impose some constraint on p, e.g., that p
is real-valued or that (p) > 0. As announced in section 1.4, the problem we consider
is to seek u € H] () that satisfies (5), the Sommerfeld radiation condition (2), and
a boundary condition on I' = 99Q2. To be specific, we will impose the homogeneous
Neumann condition

ou

(51) %:0 on T,

but the modifications to use other boundary conditions and /or include inhomogeneous
terms are straightforward.

It is well known that this problem is uniquely solvable; in particular, with one
of the above constraints on p, uniqueness follows by a Green’s identity, the Rellich
lemma, and unique continuation arguments (e.g., [15, Theorem 8.7]).

Let O be the interior of a convex polygon containing the supports of all these
perturbations. The half-space matching method has been mainly presented for the
case where O is a square (see [6]). But, whereas in the problem in section 3 the
polygon O is given and the number of trace unknowns is imposed by the number of
sides of O, here we have freedom to choose the polygon O. In particular, choosing
O to be a triangle has the advantage of minimizing the number of trace unknowns.
In what follows, we suppose that O is a polygon with N edges and we adopt the

same notation as introduced in section 2 (see Figure 1) for the edges I'!,. .. , TN the
angles between the edges, the N overlapping half-planes Q!,. .. QN | their boundaries
»1 ..., 2V, and their associated local coordinate systems.

Let us now introduce a bounded Lipschitz domain €, C  containing O N such
that 9§, \ T is connected (for examples, see Figure 4), and a partition I';,... ,1"{]\/ of

90, \ T such that, for all j = 1,..., N, I'} is connected and T} C Q7 with T} N%7 = 0.
There is, of course, no unique choice for such a partition, but the uniqueness result
given in Theorem 4.1 below implies that the solution of the HSM formulation that we
will write down is independent of the choice of the partition.

The unknowns of the HSM formulation are the traces ¢!, ..., ¢V of the solution u
on the infinite lines $1, ..., XV, and the restriction u := u|qe to the bounded domain
Q. Let us derive the equations linking ¢1, ..., goN and up. On the one hand, one can
show as in the case of scattering by a polygon (see section 3.1) that the (’’s satisfy
the equations
=Dj_q1,;¢77 onXINQTY

(52) ¢

& = Dyoro ot onxinqQitt, € ZINZ,

where the operators D ;11 are defined in (31). Compared to the problem of scattering
by a polygon, the conditions for the traces on I'V (linked to the given data g in the
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FiG. 4. Two examples of possible geometries for our general configuration: O is the triangle
bounded by the lines X1, X2, and ¥3; Q, shaded in darker gray, is a larger triangle in the left figure
and a disc in the right figure.

case of scattering by a polygon) have to be replaced by an equality between ¢/ and
up on IY: ‘ ‘
@ =u, onlV, j=1,...,N.

As in the case of scattering by a polygon, since the wavenumber is real, the traces ¢’
are not in L? but they decay like |y§\*1/ 2 at infinity and we will require, as in section
3.1, that, for j = 1,..., N, o’ satisfies the asymptotic condition (32) at +oc.

On the other hand, we can derive a variational formulation for u; in ;. Since
—Auy, — k?pup = f in Q, f is supported in O’ := O NQ, and u satisfies (51), the
following Green’s identity holds for all v, € H'(€2), where n is the normal pointing
out of Qp:

(53) / (Vup - Vup — k> puyvp) — / %sz / fvp.
Qb o] o’

Qp\I on

The last idea is to replace the normal derivative on each part Fg of 9Q \ T by an

integral representation as a function of ¢7. Indeed, since, forall j = 1,..., N, Iy C 7,
we must have

0 oUI (7 o ,
(54) ﬂ—ikub:&—ikUJ((p]) onl}, j=1,...,N,

on on

where U7 (¢7) is the restriction of the solution u to the half-plane 7 and is expressed
in terms of ¢/ in (11). Let us emphasize that our choice of imposing equality of
Robin traces instead of normal derivatives is so that later we have uniqueness for
the formulation for all £ > 0. Note also that, since I‘g N Y7 = (), the Robin trace of
Ui (g7) on T} is C* (see Lemma 2.3). To express (54) succinctly, we introduce the
Dirichlet-to-Robin (DtR) operators A7, given by

(55) O )

r
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We note, by Lemma 2.3, that A7y is well defined (at least) for all functions ¢ €
L2(X7) 4+ L*(%7). One can use (11) to write A’ explicitly, for j =1,..., N, as

W) = [ (VHkia] - o oh — ) - nla], )
R
—ik?—[(k;x{ — aj,acg - y%)) ap(aj,yg) dy%7 x) = (chl,x;) € Fg.
With this notation, the equality (54) can be written as

(56) %fikub:/\jgaj onFZ,jzl,...,./\/'.

Our complete formulation reads as follows:

@ =Dj_1;¢71 onXI NI,
@7 = up _ onl/, jELINTZ,
(,OJ = Dj+1,j (pj+1 on X7 ﬁQJH,

(57) Y, € Hl(Qb),
3 3
| @ Fi ko) Y [ wm-Y [ vem= [ g
2 j=0YTy j=0YTy o’

where the operators D; j41 are defined in (31), and the operators A7 in (55).
The following theorem gives the well-posedness of this formulation.

THEOREM 4.1. Suppose k > 0. There exists, for each f € L*(0’), a unique
solution (', ..., N, up) € LE (21 x -+~ x L2 (ZN) x HY() of (57) such that, for
allj=1,...,N, ¢’ satisfies the radiation condition (32).

Existence holds by the construction above of a solution to (57) from the unique
solution of (5), (2), (51). Uniqueness follows from the following proposition since (5),
(2), (51) is well-posed.

PROPOSITION 4.2. Suppose k > 0, and let (¢',..., N, up) € L} (B') x -+ x
L} (V) x Hl(Qb) be a solution of (57) (with f € L?(0’)) such that, for all j =
1,...,N, ¢! satisfies the radiation condition (32). Then, for all j € ZJNZ, the
compatibility equations (22) hold and uy = U (¢7) in Qy NQI. Moreover, the function
defined by u = UI(@?) in QF, for j = 1,....N, and by u = uy in y is the unique
solution u € HL () of (5), (2), (51). Further, ¢ = ulxy for each j.

Proof. Let (o', ..., N, wp) € L2 (2Y) x -+ x L (V) x H() be a solution
of (57) such that, for all j = 1,..., N, ¢’ satisfies the radiation condition (32), and
let us denote by us, € Hi (R?\ O) the unique solution of (28), (2) with g = up|so €
H'/2(9O). Then, as shown in section 3, the set of traces of us on X1, ..., % solves
(30), i.e., the first three equations of (57). It follows from Theorem 3.5 and from
(57) that ¢/ = uslyy and us = UJ(¢?) in Q9 for j = 1,...,N. In particular,
the compatibility equations (22) hold and ¢/ = 4o = up on IV for j = 1,...,N.
Moreover, we deduce from the last equation of (57) that —Auy, — k%pup = f in Q,
that

0
% =0 on T,
and that (56) holds. By definition (55) of the DtR operators, we then have
o ou
58 Nl = (L g, ‘ =1 N
(59) e C T | T Y
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Consequently, v := up — s belongs to H(£,\O) and satisfies

Av+Kkv=0 in Q\O,
(59) v=20 on 00,

% —ikv=0 on IMG\T,

the last of these equations following from (56) and (58). But, for every k& > 0, this
homogeneous problem has no solution except v = 0. (To see this apply Green’s
identity (cf. (53)) in 2,\O to deduce that faﬂb\r |v]? = 0, so that v = Ov/dn = 0 on
0 \ T', and apply Holmgren’s uniqueness theorem [11, p. 104].) Thus up = us in
\O (in particular, up = 1o = U’ (¢?) in Q,NQ7, j =1,...,N) so that the function

Up in Qb,
w = —
U in RO

is well defined, and is the unique solution u € H\ () of (5), (2), (51). ad

5. Conclusion. The objective of this paper was to prove the well-posedness of
the HSM formulation applied to the Helmholtz equation (5) in the case of a real
wavenumber k£ > 0. This objective has been achieved: we have proved well-posedness
provided we impose the radiation condition (32) at infinity on the trace unknowns ¢’
of the HSM equations, this radiation condition analogous to the standard Sommerfeld
radiation condition for the original boundary value problem. Let us recall that the
results of the present paper also complete a proof of well-posedness of the complex-
scaled HSM formulation presented in [4, section 5].

An open question is whether the radiation condition (32) on the trace unknowns,
while natural, is necessary for uniqueness. The answer is not at all clear to us. But
one piece of evidence that suggests that this radiation condition may not, in fact,
be needed is that one achieves accurate results in numerical experiments by simply
truncating the trace unknowns, setting, for each j, ¢/ = 0 outside some sufficiently
large finite section of ¥/, not making any use of the radiation condition (32) (see [6,
Fig. 7).

Let us finish by mentioning that our main results should be extendable to more
complex configurations with obstacles extending to infinity. For instance, one might
consider the general configuration of section 4 but add a screen that is a semi-infinite
line 7!, choosing the half-planes (7 so that v' is orthogonal to 3! and v N Q7 = 0,
for all j # 1 (see the left-hand side of Figure 5). In this case Q' \ 4! has two
connected components that are quarter-planes. If 4! is sound soft or sound hard, i.e.,
the solution satisfies a Dirichlet or Neumann homogeneous boundary condition on
4!, one can derive an expression for Ul ('), the solution in Q! given Dirichlet data
o' on X1 by solving separately in each quarter-plane, combining formula (13) with
reflection arguments. )

More interesting is the case where two parallel semi-infinite lines +/. are intro-
duced, so that now, for some j, € has three connected components, two of them
quarter-planes and one of them a semi-infinite strip which is a waveguide (this is the
case for Q! and Q2 in the right-hand side of Figure 5). One can derive an expression
for U7 (p7) in each quarter-plane as above, and an expression in the waveguide by
solving as a modal series expansion.

For each of these configurations, and for many other variations on these geome-
tries, we can write down HSM formulations, and we expect that one should be able to
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prove well-posedness of the HSM formulation and equivalence with other formulations
by adapting the results proved in the present paper.

F1c. 5. Two geometries that could be considered.

Note that if only one semi-infinite line is introduced, as in the left-hand side of
Figure 5, and no other obstacles or inhomogeneities are present, one recovers the
famous Sommerfeld half-plane problem [29, section 38] that can be solved using the
Wiener—Hopf method (or other techniques). Analytical methods, notably the Wiener—
Hopf method, have been extended to a variety of more complex configurations with
waveguides and wedges, e.g., [26, 23, 22|, though not to all configurations that should
be treatable by the extensions of the HSM method to unbounded obstacles that we
suggest above.

An interesting question is whether our uniqueness and well-posedness results for
the HSM formulation can be extended to open waveguides. (The HSM method has
been used to compute numerical solutions by Ott [27] in such cases where the medium
in each half-space Q7 is stratified in the z7 direction.) The difficulty is that the
corresponding Green’s function is no longer available in closed form, which makes the
study of the properties of the half-plane solution more intricate. A further difference
with the cases studied in this paper, and the extensions suggested above, is that, due
to the possible existence of guided waves in the open waveguides, the traces ¢/ may
have an oscillatory nondecaying behavior at infinity that should be taken into account
in a modified radiation condition, replacing (32).
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