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We prove unique existence of solution for the impedance (or third) boundary value problem for the
Helmbholtz equation in a half-plane with arbitrary L, boundary data. This problem is of interest as a model
of outdoor sound propagation over inhomogeneous flat terrain and as a model of rough surface scattering.
To formulate the problem and prove uniqueness of solution we introduce a novel radiation condition,
a generalization of that used in plane wave scattering by one-dimensional diffraction gratings. To prove
existence of solution and a limiting absorption principle we first reformulate the problem as an equivalent
second kind boundary integral equation to which we apply a form of Fredholm alternative, utilizing recent
results on the solvability of integral equations on the real line in [5]. © 1997 by B. G. Teubner
Stuttgart-John Wiley & Sons Ltd.

Math. Meth. Appl. Sci., Vol. 20, 813-840 (1997)
(No. of Figures: 0 No. of Tables: 0 No. of Refs: 21)

1. Introduction

In this paper we prove unique existence of solution for the Helmholtz equation,
Au+ k*u=0, (1)
in the half-plane U = {(x1, x2) € R*: x2 > 0}, with impedance boundary condition

& ikpu =1 @)

onI' = {(x1,0): x1 € R}, and with arbitrary L., boundary data f§ and f. In equation (2)
n is the normal to I" directed out of U.

This boundary value problem has been utilized (e.g. [ 14, 8]) as a model of mono-
frequency (e ' time dependence) outdoor sound propagation over flat in-
homogeneous terrain. In this context u is the scattered or reflected part of the acoustic
field (the total field u;, the sum of the incident and scattered fields, satisfies the
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814 S. N. Chandler-Wilde

homogeneous impedance boundary condition, Ou,/0n — ikfu, = 0 on I'). The function
p is the relative surface admittance of the ground surface, and is a function of the
angular frequency w and of local properties of the ground surface.

Usually, it is the case when f is piecewise constant which is of interest, f taking
a different value for each ground surface type (grassland, forest floor, road pavement,
etc.). If, as is common, the ground surface is modelled as a rigid frame porous
half-space, ff takes values strictly in the sector of the complex plane Ref = 0,Im f§ <0,
|Bl < 1[1,7]. In any case, if the ground surface is to absorb rather than emit energy,
the condition Re f > 0 must be satisfied.

The impedance boundary value problem in a half-plane is also of interest as
a model of the scattering of an incident plane acoustic or electromagnetic wave by an
infinite rough surface. (For the rough surface problem the Helmholtz equation holds
in a region D = {(xy, x,) € R% x, > g(x;)}, for some bounded and at least Lipschitz
continuous function g.) Firstly, it is a model in that it has been suggested that, for
certain parameter regimes [15,21], scattering by a rough surface is adequately
approximated by the impedance condition (2) applied on a flat surface.

Perhaps more significantly, this problem is also a model of rough surface scattering
in the sense that, although geometrically simpler, it shares with it many theoretical
features and difficulties. Specifically, for scattering of a plane wave by both an infinite
rough surface and a flat impedance boundary, it is appropriate to look for the
scattered field on the boundary in a function space of bounded continuous functions
(rather than in L,(I'), say), in that no decay of the scattered field with distance along
the boundary can be expected. Further, for both problems, even for the specific case of
plane wave incidence, the correct mathematical formulation is unclear, in particular
the formulation of an appropriate radiation condition.

In section 3 of the paper we make a preliminary study of the much simpler Dirichlet
boundary value problem in the half-plane with L, boundary data on I'. For the
Dirichlet problem the solution can be given explicitly as a double-layer potential on T,
with density the given L, boundary data. For the case when the wave number k > 0
we construct an example to show that, although this solution is the physically correct
one, in that it is the unique solution satisfying a limiting absorption principle, it may
grow algebraically at a rate not exceeding h'/2, where h is the distance from the
boundary. To cope with the L, boundary data we suppose that the solution on
I, = {(xy, h): x; € R} approaches the data on I in a weak= sense as h > 0.

This study of the Dirichlet problem is of assistance in formulating the impedance
boundary value problem for k > 0 in section 4. Specifically, as proposed in [6], as
a radiation condition for the impedance problem we suppose that, in some half-plane
U, = {(x1, x5) € R% x, > h}, with h > 0, the solution u can be written as a double-
layer potential on the boundary I, with some L, density, so that u satisfies
a Dirichlet problem in the half-plane U,,. This radiation condition appears to be novel
and is shown in [6] to be a generalization of the usual radiation condition for plane
wave scattering by a one-dimensional diffraction grating [18, 16].

Using this radiation condition we reformulate the boundary value problem as
an equivalent second kind boundary integral equation and prove, for the case
Ref =5 >0, in what is the longest section of the paper, uniqueness of solution.
Existence of solution follows from a form of Fredholm alternative applied to the
boundary integral equation, using recent results on the solvability of integral
equations on the real line in [5]. The argument depends on the local compactness
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The Impedance Boundary Value Problem 815

of the boundary integral operator and is a generalization of the classical method,
based on compactness of the integral operator, for proving existence of solution for
scattering by smooth bounded obstacles via a second kind integral equation formula-
tion and the Fredholm alternative [ 12]. We also obtain continuous dependence of the
solution u in a weighted norm on the boundary data f, specifically that

sup exp (X2 Im k) (1 + x2) ™ Y2u(x)| < Cp | f |- 3)
xeU
The constant Cp, independent of f, is also independent of 8, provided /5 takes values in
the set P, where P is an arbitrary compact subset of the right-hand complex plane.
Having proved unique existence of solution for Rek > 0, Im k > 0, it is straightfor-
ward to show that the solution selected by the radiation condition for k > 0 satisfies
a limiting absorption principle.

It is anticipated that the radiation condition and uniqueness and existence proofs
introduced will be useful in formulating and proving unique existence of solution for
a wider range of problems of acoustic and electromagnetic wave scattering by
unbounded obstacles, especially plane wave scattering by infinite one-dimensional
rough surfaces [13, 11]. A related study, but restricted to the case Im k > 0, of acoustic
scattering by a sound-hard infinite cylinder, has been made in [17].

2. Notation and Preliminaries

Throughout, x = (x,X5), ¥ = (y1, ¥,) Will denote points in R2. For h > 0, U, will
denote the half-plane, U, = {x: x, > h}, and T, its boundary, I', = {x: x, = h}. We
will abbreviate U, and I'y by U and T, respectively. For all x € U,, x;, will denote the
image of x in I', i.e. x;:= (xq, 2h — x,). We abbreviate x{, by x'.

For the most part our function space notation is standard. For S = R?, C(S) will
denote the set of functions continuous on S, and BC(S) the set of functions bounded
and continuous on S. The set BC(S) with the normal vector space operations and the
supremum norm, || | ,,: = sup,.s|¥(x)|, forms a Banach space. We will also use | || ,,
to denote the essential supremum norm on L, (R).

For ¢ >0, let

Ly, (R):= {lﬁ €LY R): 1Y ]5,= {J

+

1+ tz)‘€|xp(t)|2dt}1/2 < }

— 0

A 1/2
Ly, (R):= {l// e L3*(R): [ll5,.:= {SUP(I + AZ)SJ I!#(t)lzdt} < ® }

A>0
Clearly, L,(R) = L, o(R) = L', o(R). We also note the following imbeddings.
Lemma 2.1. For 0 < ¢ < é,,
L., (®) = Ly, (R) = L, (R)
and the imbeddings are continuous.

Proof. For y € LY°(R) and 0 < &, < &,,

(1 + 47 f WP dt < J (L + )=y dr @
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816 S. N. Chandler-Wilde

and

J (L + )= p(e)Pds = (1 + AZ)%J WP dr

T2, f {f w(z)ﬁdz}s(l )i ds, )

equation (5) obtained by integration by parts. Equations (4) and (5) give the continuity
of the imbeddings L,, (R) = L, (R) and L) , (R) = L, (R), respectively. O

For ue C(U) and h > 0, define u;, € C(R) by uy(s) := u((s, h)), s € R, so that u, is the
restriction of u to I',. If u € C(U) then we can define u, by the same formula with 1 = 0.
If ue CY(U), define also ujf € C(R) by ujf(s) = du((s, h))/0h, s € R, so that u} is the
restriction of 0u/0x, to I,

We will make use of the notion of weaks convergence in L, (R) (see e.g. [20]). For
a sequence {{,) = L, (R) and ¢ € L (R) we will say that {i},} converges weak: to ,
and write y,, %5 , if

f "o — jw Vo, YoeL,(R) (©)

— o0

Since L(R) is a Banach space, it follows from the uniform boundedness theorem that
if Y, 5 ¢ then {y,} is bounded in L, (R) and ||, < sup, [[¥,] .. There follows
a useful characterization of weaks convergence, that

+

b 5 psup Wl < o, | o= [ we. Voecim, o)

— o0

where C¢(R) denotes the set of C” compactly supported functions on R. Thus,
Y, % if and only if {y,} is bounded in L. (R) and {y,} converges to ¥ in
a distributional sense.

Many of the equations presented can be written compactly using a convolution
notation. For ¢ € L{(R) and y € L,(R) define ¢*y by

+ o
Px(s):= J o(s — p(t)dt. ®)
From Young’s Theorem, ¢=(s), defined by (8), exists for almost all seR, and
@+ € L,(R) with

loxrll, < llells W]l ©)

For p = oo we have that ¢+(s) is well-defined for every s € R and that ¢+ € BC(R).
It follows from the above remarks that, if k € L;(R), then the operator 2#", defined by

Ay = k+y, is a bounded operator on L,(R), for 1 <p < o0, and is a bounded

operator from L (R) to BC(R). 2#" also has the following mapping properties.

Lemma 2.2. [19]. If [T (1 + |t])"|x(r) |dt < oo for some q = O then A is a bounded
operator on L, (R) for 0 <& < gq.
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The Impedance Boundary Value Problem 817

For {{,} = BC(R), ¥ € BC(R), say that y, converges strictly to y and write y,, %
if sup, Y.l < oo and ¥, (s) = Y(s) uniformly on finite intervals of R. This is conver-
gence of {y,} to ¥ in the strict topology of [2]. Clearly, ¥, % ¢ =, %5 . The
following lemma follows immediately from [5, Theorem 4.2 (iv)] and (7).

Lemma 2.3. If k € L,(R) and \, *>  then x+y %5 icxf.

It is straightforward to see that Lemma 2.3 can be extended further to show that, if
{Kkn} = Li(R), k € L;(R), then

HKn - KHI _)07 lpn W_)* lp:’cn*lpn S_) K*lp' (10)

Let % denote the operation of Fourier transformation on R, defined, for yy € L,(R), by

+ o

AU = v wds cem
and abbreviate Z by Y. If ¢, € L,(R) then @y € BC(R) and Z (p+) = O

We introduce a few further notations. For x € R? and 4 > 0, let B,(x) denote the
open ball, B4(x):= {y e R*: |y — x| < A}. Let

i
O(x,y): = ZH‘o“(ka - x,yeR*x#y,

so that @ is the standard fundamental solution of the Helmholtz equation in R*. For
A >0, let y;— 4,4 € Lo(R)denote the characteristic function of the interval [ — A4, A].

3. The Dirichlet problem

We first consider the Dirichlet boundary value problem for the Helmholtz equation
in a half-plane, for which a solution can be given explicitly. We study a general form of
the Dirichlet problem, with arbitrary L, boundary data, so that the solution u is not
necessarily continuous in U, and u, converges to f, the given boundary values of u,
only in a weak sense as h — 0. The solution u is not necessarily in the Sobolev space
Hi,.(U) either, for if f has a simple discontinuity, for example if /= y;_; 1), then
f¢ H/2(R) and, by the trace theorem, Vu is not locally square integrable in U.

Cons1der then the following boundary value problem:

BVP1. Given fe L,(R) and ke C with Im k > 0, Re k > 0, find u e CX(U) satisfying
(i) the Helmholtz equation, Au + k*u =0 in U,
(ii) for some a € R and every h > 0,

sup |(1 + x,)%u(x)| < oo; (11

xe U,
(iii) up, X5 fas h— 0.

Remark 3.1. If u e C?(U) satisfies (i) and (ii) then, by standard local regularity argu-
ments, u € C*(U) and the same bound as (11) holds for all the derivatives of u. In
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818 S. N. Chandler-Wilde

particular, for all h > 0,

sup |(1 + x,)*Vu(x)] < co. (12)

xe U,

Further, if u e C*(U) satisfies (11), then u, € BC(R) for every h > 0, and, if also u, ¥ f.
then (see (7)), ||uyllo = O(1) as h — 0, so that (11) holds with h = 0.

The above boundary value problem contains no radiation condition and is not
uniquely solvable when k > 0; for example, u(x) = sin(kx,) satisfies BVP1 with f =0
when k > 0; though not when Im k > 0 for then (11) is violated.

To write down a particular solution of BVP1 we introduce the Dirichlet Green’s
function, Gy, for the half-plane U,. For h > 0 define

GD,h(x7 J/): (I)(an’) - (I)(x;‘, )’)» X,y eUha X 7& .

For Imk > 0 (for which Gp,(x,y) decays exponentially as |x — y| > o) we can
obtain a form of Green’s representation theorem for u, the solution of BVP1 (cf. [12]).

Applying Green’s second theorem to u and Gp4(x,.) in the region U, Bg(0)\ B,(x),
and letting ¢ > 0 and R - oo (and noting, from (11) and (12), that u and Vu have at
most algebraic growth at infinity), we obtain that

0G od
) = | S0 =2 [ FEuason ve v, (13

Defining, for h > 0,

0Q((s, h), y) ihk H (ky/(s* + h?))
=2 = , R, 14
Kh(s) ayz s=o 2\/(82 + hz) € ( )
(13) can be written more compactly as
Uy = Kg—p¥*Up, H > h. (15)

From standard asymptotic properties of the Hankel function it is easy to establish
that, for 0 < h < 1 and some constant C > 0,

Cszﬁhzz |S| < 1:
< _ 16
|Kh(s)| {C|S| 3/2’ |S| > 1’ ( )
while, for h > 1,
Ch —
o (s)] < SHEP(=Imkh) = 0 (17)
lica(s)]

(52 + h2)3/4 >

Since the Hankel function, H'{"(z), is continuous in the quadrant Imz > 0, Re z > 0, it
follows from the dominated convergence theorem that, for h > 0, x, € L;(R) and
depends continuously in norm on h, and

lrenlls = O(1), h =0, [[Kly = O(h'*exp( — Imkh)),h > co. (18)
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The Impedance Boundary Value Problem 819

Since u,, ¥ fas h — 0, it follows from (15) and (10) that

uy, = kpxf, h>0, (19)
i.e. that
oD
u(x) = 2L a(;cz’y)f(y) ds(y), xeU. (20)

We have shown the following result.
Theorem 3.1. If u satisfies BV P1 and Im k > 0 then u is given by (20).
The following converse of Theorem 3.1 holds for all kK with Imk > 0, Re k > 0.

Theorem 3.2. If fe L, (R) then u, defined by (20), satisfies BV P1. Further, for some
constant C > 0 independent of f,

sup|exp(x2Imk)(1 + x5) ™ 2u(x)] < C |f |0 (21)

xeU

Also, if fe BC(R), then ue C(U) and uy = f.

Proof. To see that u e C*(U) and satisfies the Helmholtz equation, let f, = y(—,.. /,
neN. Define u™ by (20) with f replaced by f,. Then, clearly, u™, a standard
double-layer potential, satisfies u™ € C3(U) and Au™ + k*u™ = Qin U. Further, using
(16) and (17), we can see that u™ converges to u uniformly on compact subsets of u, so
that also ueC?*(U) and Au+k?>u=0 in U. The bound (21), with C:=
supys>oexp(hImk) (1 + h)~ /2 | x|l 1, follows from (9), (19) and (18). Thus, u satisfies
conditions (i) and (ii) of BVP1.
From (16) and standard jump relations for double-layer potentials [12],

@ € BCR) = rkx¢ % ¢ as h— 0. (22)

Thus, if fe BC(R), then u e C(U) and u, = f. In the general case f € L., (R) we have
from (21) that || u,] ., = O(1) as h — 0. Thus, by the characterization (7), to show that
up %5 f we need only show that I:= ["*(ku*f—f)p -0 as h—0, for every
o € CF(R).

Now, if ¢ € CF(R) and fe L, (R),

n=[" { f s — 0f(0de f(S)}ﬁo(S) ds

J T 0 — o0

_ %{ f mxh(s—t)q)(s)ds—m(t)}f(t)dt

— 0

r+ oo

= (kixp — @)f,

J T 0
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820 S. N. Chandler-Wilde

using Fubini’s theorem to justify reversing the order of integration. Let 4 be chosen
sufficiently large so that the support of ¢ is contained in [ — A, A]. Then, for B > A,

B

Il < f o) f ] + 11 £ f kg — . 23)
R\[ — B, B] B

Now, for every B = A the second integral — 0 as h — 0, by (22), and it follows from (16)
that, forO<h <1land|s| > A4 + 1,

ki) < 24 @] C(Is| — A) 7372,

so that the first integral in (23) tends to zero as B — oo, uniformly in k. Thus, I, - 0 as
h—0. Ol

We have shown in the case Im k > 0 that BVP1 has precisely one solution, given by
(20). In the case k > 0, in which (20) is not the unique solution of BVP1, it is sensible to
select it as the ‘physically correct’ solution since it satisfies the limiting absorption
principle given in the next theorem. Temporarily, within this theorem, let u® denote
the solution of BVP1 given by (20) when k = A.

Theorem 3.3. For k > 0 and all x e U, u®***®(x) » u®(x) as e - 0".

Proof. Temporarily, denote x;, by x§ to indicate its dependence on k. Then, by the

dominated convergence theorem, x{ e L(R) depends continuously in norm on k in
Imk >0, Re k > 0 (note that (16) and (17) hold with the constant C independent of
k provided that k is restricted to a compact subset of the first quadrant). But, from (9)

and (19), [|uf*® —uP |, < | — k@), | f]l 4, and the result follows. O

Although it satisfies the above limiting absorption condition, the solution (20) for
k>0 does not have all the characteristics we associate with a radiating wave.
Specifically, the bound (21) suggests that, if k > 0, u(x) may increase in magnitude as
X, = oo (though u(x) must decrease exponentially as x, — oo if Imk > 0).

To see that an increase can be achieved in the case k > 0 consider the following
construction. For h > 0 define f; € L, (R) by f,(t) = exp (i(n/4 — k/t*> + h?)), te R.
Choose a sequence {a,} = R such that 0 =a; <a, < --- and a,+/a,—> © as
n— oo, and define fe L (R) with || f|, = 1 by

f(t) :=f;,n(t), Ap—1 < |t| <p+1, D= 2>4a (24)

Let u denote the solution to the Dirichlet problem defined by equation (20). Then at
x = (0, h), for h > 0,

fde

u(x)

_ ik (77 HO (/@ + h?)
2 J_w V(& + 1)

B hicl/2g —in/4 p+w exp(ik\/(tz + hz))
= 7\/£ . (2 + h2)3/

foydt + O(h= 113
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as h— oo, since H{(s) = \/(Z/ns)exp(i(s — 3n/4)) + O(s~*?) as s - oo. Now, at
x =x,:=(0,a,), for n=2,4, ... ,u(x,) = b, + ¢, + O(a, *) as n - oo, where

. a,kt2e i J+ooexp(ik\/(t —I—a,,))f (0 dr
S N (@ ra)t

12, —in/4 p+oo : 2 2
a,kt'*e J GXp(lk\/(t + ay))

J2n N (S R

Now b, = I \/(2a,k/n), where I = [ (1 + s?)~¥*ds = \/al(})/2r (), and

o <2 Qayk) [ [ ds N oo ds
Gl & > 34 S i )
T 0 (SZ + 1)3/4 i1 /ay (Sz + 1)3/4

since [[f—fullo <2 and f(t)—f,(t) vanishes on a,_; <|t| <a,+;. Since
Qp41/0y — 00 asn— o0, ¢, = o(ar’?) and so

() = fa, () dz.

Cpi=

G fa,k
rev 2

u(x,) ~ (25)
as n— oo. Thus, the exponent — % in (21) cannot be improved in the case k > 0.

The above construction can be modified to produce the same growth with Dirichlet
data in C*(R). With the same definition of u and f, for some H in the range
0 < H < as, let := uy = ky*f. Then, by Remark 3.1, fand all its derivatives are in
BC(R). From (14) and standard tables of Fourier transforms,

=exp( 1h\/ —£2), feR, (26)
where Re \/k? — &2, Im /k? — £2 = 0. Clearly, for H > h > 0, Ry _, &), = kg, so that
Kg = Kg—-p*Kyp, H>h>0. (27)

Defining @ by the right-hand side of (20) with f replaced by f, and defining
%,:=(0,a, — H), it follows from (27) that @(%,) = u(x,) so that i(X,) ~ ([3)/T(3))

Jak/2 as n— oo.

If u satisfies (19) and fe L,(R)n L (R) then (recall (9)), u;, € L,(R)n L, (R), h > 0.
Further, f € L,(R) and, taking Fourier transforms in (19),

() = /i EF(E) = expih /(K* — E2)J(©), (28)

for almost all £e R. Thus, taking inverse Fourier transforms (note that exp(ih

=) J(©) € Ly(R) for h > 0),

w9 =5 [ expliea /0 - &)+ mENFOE xeU. 9

For k > 0 this is a representation of the solution (20) as a linear combination of

upward propagating plane waves (exp(i(x,+/k? — &2 + x,¢)) for |¢| < k) and evan-
escent surface waves (exp(i(x,+/k* — &2 + x,&)) for |&| > k) and shows that if
f€ Ly(R)n L (R) then u, given by (20), satisfies ||u,||, = O(1) as h — oo, so that u is
bounded in U. (In fact, a careful analysis of (29) [4] gives further that |u,|,, = o(1) as
h — 0.)

© 1997 by B. G. Teubner Stuttgart-John Wiley & Sons Ltd. Math. Meth. Appl. Sci., Vol. 20, 813840 (1997)



822 S. N. Chandler-Wilde

The following lemma (cf. [37]), which follows from the above results, will be very
useful in the next section.

Lemma 3.4. If u satisfies (19) with fe L,(R)n L (R), then u,, uff € L,(R)nBC(R) for
every h > 0 and, for k > 0,

+ oo
i [ = [ - @1aora (30)
Proof. We have seen above that if u satisfies (19) then u, € L,(R)n BC(R), for every
h > 0, and u satisfies (29). For h > 0 let G,(¢):= i\/(k2 — %) exp (ih \/(kz — &) f (&),
£ e R, sothat G, € L{(R)n L,(R), and |Gy(&)] < |Gy(&)), £ € R, for H > h > 0. Using the
dominated convergence theorem to justify interchange of differentiation and integra-
tion, if follows from (29) that

d e o
“9) L (T7G (enide, xeU.
ox, 2m)_,

Hence iiff = G, h > 0, so that ujf € L,(R)n BC(R) for every h > 0 and

06 = i/ (kK — E)ayd), EeR. (31)

Hence, and by Parseval’s theorem,

f = f Gt = j N

— o0 — 00

and the result follows. []
Finally, we point out that if u is given by (19) then, for & > 0, every derivative of
u has a similar representation. Specifically, define

5 9%(x.y)

w(x):= o,

=K,,(x1), xeU. (32)

y=0

Then by direct calculation we can establish that Aw + k*w = 0in U and, arguing as in
the proof of (17), we have that, for every H > h > 0,

sup x| 3 w(x)| < 0. (33)
xeU\Uy

By standard local regularity results it follows that we C*(U) and that all the
derivatives of w also satisfy (33). Thus, if fe L(R), n,me NuU{0}, and h > 0,

an+m an+m

(kxS (x1)) =

+
aX?anl W [_ " sz(xl - t)f(t) dt (34)

- fw By — 0f(0)dr

= ’exz*f(xl)r (35)
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for x € U, where

n+m an+m

Ky, (X1):= WKxZ(Xl) = OxX1OxY

w(x). (36)

The bound (33) on the derivatives of w ensures that &, € L;(R) and justifies the
interchange of differentiation and integration in (34) above.

4. The impedance boundary value problem

We consider next the impedance boundary value problem in the half-plane U with
impedance boundary condition (2) on I'. As in the previous section the boundary
condition is understood in a weak * sense (see BVP2 below), with L, boundary data.

While this problem has much in common with the Dirichlet problem just studied (in
particular similar behaviour of the solution u(x) as x, — oo can be expected), it is less
straightforward in that it is no longer possible to write down an explicit expression for
the solution u, as done in (20) for the Dirichlet case, except for a few very specific
choices for the boundary admittance f.

We are particularly concerned in this section with the (more difficult) case k > 0, for
which a radiation condition is required. To obtain a radiation condition we point out
that, in each half-plane U, u satisfies a Dirichlet problem with boundary data u,. It
makes sense then to suppose that, for some h > 0 and ¢ € L (R),

od
u(x) = 2 j D gy dst. xe Uy 37)
T, V2

since, as shown in section 3, with the choice ¢ = uy, (37) is the unique solution of the
Dirichet problem in U, satisfying the limiting absorption principle given in Theorem
3.3. It is shown in [6] that this radiation condition is a generalization of the usual
radiation condition utilized in the study of plane wave diffraction by one-dimensional
periodic gratings [18, 16], and reduces to this radiation condition when ¢ is quasi-
periodic in the sense of [18, 16]. In section 4.4 we show that the solution selected by
the radiation condition (37) for k > 0 is the unique solution satisfying a limiting
absorption principle.

Consider then the following impedance boundary value problem for the Helmholtz
equation:

BVP2. Given f, e L,(R) and ke C with Im k >0, Rek > 0, find ue C3(U)n C(D)
satisfying

(i) Au+ k*>u=0in U,

(i) for some a e R,

sup (1 + x)"u(x)| < 003 (38)
xeU

(iii) uf 25 f— ikBug as h — 0;

(iv) the radiation condition (37), for some h = 0 and ¢ € L ,(R).
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Remark 4.1. Note that (cf. Remark 3.1), (i) and (ii) imply that also, for all 4 > 0,

sup |(1 + x,)"Vu(x)| < oo, (39)

xeU,

so that ujf € BC(R) for all h > 0. Further, (iii) implies that |ujf| ., = O(1) as h — 0 so
that supg<p <1 |uff]l < 0.

Remark 4.2. There is some redundancy in the above formulation, in that, if (iv) is
satisfied and ue BC(U\Uy)nC*(U\Uy) for some H > h, then, by Theorem 3.2,
automatically u e C3(U)n C(U) and (ii) is satisfied for all a < — 3.

Remark 4.3. If Imk > 0 then the radiation condition (iv) is superfluous as it follows
from the assumption that u € C(U)n C*(U) and from (i) and (ii), using Theorem 3.1.
4.1. An integral equation formulation
As an aid in proving uniqueness and existence of solution of BVP2 and as a tool for
numerical computation we reformulate BVP2 as a boundary integral equation. The
fundamental solution of the Helmholtz equation which satisfies BVP2 with f = 0 and
f =1 (and a Dirac delta function inhomogeneity in the Helmholtz equation) is given
by [10]
G(x,y) = O(x,y) + O(x,y') + P(x — ), (40)

where, for x € U,

5. ik [T explas + xo0 /(K = s)])
P | TR @
T e (1 i) )

o =20 —i(l +)?

with y = x, /| x| and all square roots here and throughout taken with Re f >0, Im
f > 0. The equivalence of (41) and (42) for k > 0 is shown in [10], and follows for
Imk > 0, Re k > 0 by the uniqueness of analytic continuation.

Applying the dominated convergence theorem to (41) it is easy to see that P e C(0).
From (42) it follows that P e C *(U\{0}) and satisfies the Sommerfeld radiation and
boundedness conditions in U [9]. The impedance condition satisfied by G is a conse-
quence of the equation [10, equation (39)],

oP(y)
0y,

+1kG(0,y) =0, yeU,y#0. (43)

A further property of G that we shall need is that [11], given C > 0,
V)’G(xay)a G(XaJ’):O(|x_Y|_3/2) as |X—Y|—> 0, (44)
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uniformly in x, y € U, with 0 < x,, y, < C. This rapid rate of decrease (very important
in the arguments which follow) holds only provided the vertical co-ordinates, x, and
y,, are restricted as indicated. (If x and y are unrestricted then G(x, y) = O(|x — y|~1/?)
as |[x — y| » oo, the same behaviour as that of ®@.) In physical terms the more rapid
rate of decay (44) is due to the energy-absorbing nature of the boundary condition (2)
when Ref > 0.

To derive the boundary integral equation, suppose that u satisfies BVP2 (in
particular (37) for some h>0) and take xe U. Choose hy, h, such that
0 <hy <x, <h, and h, > h, and apply Green’s second theorem in the bounded

region Sy, := {ye U, \Uy,: |y1]| < A}\ BJ(x) to G(x,.) and u to obtain

. Ou aG(Xa y)
0= (Sr6tm —ue “E as,

where n is the outward-directed normal on 0S . Letting e » 0 and A — oo (note that
u and (see Remark 4.1) Vu are bounded in U,,\U,, so that the integrals over the
vertical sides of 0S,, vanish as 4 — o0 ), we obtain that

0 oGl 5
= (Eee 0 o as

(45)

As in the proof of Theorem 3.2, let ¢, = y;— @, n € N, and define u™ by (37) with
¢ replaced by ¢,. Then, for each n the double-layer u™ e C*(U,) and satisfies the
Helmholtz equation and Sommerfeld radiation and boundedness conditions, so that,
applying Green’s second theorem to G(x,.) and u™ in U,, " Bg(0) = U,, and letting
R — oo we obtain

ou™ oG
[, (o6 = w0 22 a0 (o
T, n n(y)

Now, by (21), the functions u™ are uniformly bounded on U,\ Uy for every H > h,,
and therefore so are the functions Vu®,ne N, on I,,. Further, u™ converges to
u uniformly on compact subsets of U, (and therefore so also does Vu™ converge to Vu).
Thus, and bearing in mind (44), it follows that the integral in (46) converges to the
same integral with u™ replaced by u as n — oo, and so the integral over T}, in (45)
vanishes. Thus, for every h > 0,

0G(x, 0
u(x) = f (u(y) a(;“z Y _ g;y 6, y))ds(y), xeU, 7)

Since u € BC(U \ Uy) for every H > 0, and G(x,.) € C*(U \{x}) and satisfies (44), it
follows from the dominated convergence theorem that

0G(x,
[, 10 = ast)

depends continuously on h, for 0 < h < x,. Also, in view of the impedance boundary
condition satisfied by G (equation (43)),

0G(x, .
[, w0 522 ) = =i | )G )t @)

for h =0.
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Define 4, € L{(R), for h = 0, by A,(s) = G((s,h),0), s€ R. Since G, given by (40),
satisfies (44), and P e C(D), it follows by the dominated convergence theorem that /,
depends continuously in norm on h in L;(R) for h>0. Thus, and since
uf 5 f —ikBug as h — 0, it follows from (10) that

J CU) G, 1) () = oy it (x)
T, 0y,

= Ao #(f — ikPug) (x 1), (49)

as h— 0. Thus, letting h — 0 in (47), and noting (48) and (49), it follows that, in
convolution form,

Uy = Iy % (ik(B — Vg —f), h > 0. (50)

But, by (9), for h > 0 the right-hand side of (50) depends continuously on h in BC(R).

Since also ue C(U), it follows that (50) holds also for h = 0. We have shown the
following result.

Theorem 4.1. If u satisfies BV P2 then

u(x) = LG(x, y) (k(B(y) — Du(y) —f(¥)ds(y), xe U. (51)

The following converse result is easily established using the arguments in [6] and
the results of the previous section. Together, Theorems 4.1 and 4.2 establish the
equivalence of BVP2 and the boundary integral equation (51).

Theorem 4.2. If u satisfies (51) and uy € BC(R) then u satisfies BV P2.

Proof. 1f u satisfies (51) then, in convolution form,
u, = Apx(ik(f — Duo —f), h = 0. (52)

Now it follows from (41) and a standard Fourier transform of the Hankel function [ 10,
equation (12)], that

. iexp(ih/(k* — &%)

MO = (R (53
so that 1, = &4, and

An = Kpxldo, h>0. (54)
Thus, from (52),

uy, = K #Ao*(1k(f — Dug — f) = Kpxug, h > 0. (55)

It follows from Theorem 3.2 that u, defined by (51), satisfies the Dirichlet BVP1 with
boundary data u, € BC(R), so that we have shown that u satisfies all the conditions of
BVP2, except for the impedance boundary condition (iii).
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Differentiating (51) and noting that, for x e U, y € I, using (43),

0G(xy) _, 00(x.y) | 3P(x —)

axZ axZ aXZ
oD
= 220V G,
0y,

we obtain, in convolution form, that
uy = — (i + ikAp) = (ik(B — Duo — f), h >0,
= Kh*(f_ ikﬁ”o), h > Oa (56)

by (54) and (52). Thus, by Theorem 3.2, du/0x, satisfies the Dirichlet BVP1 with
boundary data f — ikffu,, and so we have shown the impedance condition (iii). []

From (55) and Theorem 3.2 we have also the following corollary.

Corollary 4.3. Ifu satisfies BV P2 then, for some constant C > 0 independent of f and f,

sup|exp (X2 Im k) (1 + x5) ™ 2u(x)] < Cllug |-
xeU

4.2. Uniqueness of solution

It is pointed out in [6] (and see Section 4.3) that, if |1 — f|,, is sufficiently small,
then uniqueness and existence of solution for the integral equation (51) (and thus, by
Theorems 4.1 and 4.2, for BVP2) follows easily from a Neumann series argument. In
this section we prove uniqueness (and in the next section existence) of solution for
more general variations of the function . The cases considered are: (a) Imk > 0,
Rep =0; (b) k>0, Ref =y, for some n > 0. Recall that, in physical terms, the
conditions Im k > 0 and Re f§ > 0 ensure that energy is not generated in the medium
and on the boundary, respectively, while if Imk > 0 (Reff > 0) then the medium
(boundary) absorbs energy.

We require first the following estimate of the first derivatives of u.

Lemma 4.4. If u satisfies BV P2 then, for some C > 0,

IVu(x)] < Cln(1/x,), x; €R, 0 < x, <35
(57)

Proof. We already know (see Remark 4.1) that this bound certainly holds for
Ou(x)/0x,.

To see that it holds for du(x)/0x;, note that, by Theorem 4.1, u satisfies the integral
equation (51), so that, utilizing (44) to justify interchange of differentiation and
integration,

Ou(x) :f 0G(x,Y)

0xy 0x4

p(y)ds(y), xe U,
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with ¢ = ik(f — 1)uy — fe L. (R). Thus,

Ou(x) < J

axl
Now, for some C > 0,

J \B,(x)

for 0 < x, <3, x; €R, by (44) and since P e C*(U\{0}). Further, for yeT, xe U,
0(D(x, y) — Dy(x, y))/0x; is bounded, where ®@y(x,y) = — (1/2n)In|x — y|, and it is
shown in [9] that OP(x)/0x; is bounded in U. Thus, for some C > 0,

J;nBl(x)

for 0 < x, <3, x; € R. Finally,

0Dy(x, 1 (ot —
2[ o(x,») ds(y) S_J [ X1 J’;|
A By(x) X —1 lx — yl

0x4 i
2! V1
=—| ——=d
f RN

0G(x,y)
axl

‘dS(y) 1l oo- (58)

0G(x, y)
axl

‘dS(y) <C,

@G(x, J’) ) a(I)O(x> y)
axl axl

‘dS(y) <C,

dy,

< %(m@) + 2In(1/x,)).

Combining these inequalities we obtain the desired result. O

The following theorem deals with the simpler case Imk > 0. The proof does not
require the radiation condition (37) which we have already seen (Remark 4.3) is
superfluous when Imk > 0.

Theorem 4.5. If u satisfies BV P2 with f =0, Imk > 0, and Re f = 0, then u = 0.

Proof. Choose ¢ in the range 0 <& <Imk and let F(x) =exp(— 2e/1 + |x]?),
xe U. Choose h >0, R > h and apply Green’s first theorem [12] to u and @F in
T := U, Bg(0) to obtain that

0
j (V(@F)- Vu + FilAu)dx = J Fii ot ds,
T oT on
where n is the outward normal to 0T. Recall that Au = — k*u, and take the limit

R — oo, noting that, by (38) and (39), any increase in u and Vu at infinity is dominated
by the decay in F, to obtain that

0
f (V(iF)- Vu — k2F |u?) dx = J Fii 22 ds (59)
U, r, on

—>ikf FBlu|*ds
r
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as h — 0, using condition (iii) of BVP2. Let

1)2 1)2
p=|k|{f F|u|2dx} , qz{f F|Vu|2dx} ,
v U

the integrals well-defined in view of the bounds (38) and (39) and Lemma 4.4. Taking
the limit & — 0 in equation (59), multiplying by k, and taking the imaginary part, we
obtain that

Imk(p® + ¢°) + Iklzf Re (B)F|u*ds = Im {Ef

U

uVF-Vu dx}

Since Ref > 0 and |VF| < 2¢F <2 ImkF we have, applying the Cauchy—Schwarz
inequality, that p* + ¢? < 2pgq so that p =g =0 and u = 0. O

We now consider the more subtle case k > 0. Our uniqueness proof for this case
also depends on an application of Green’s first theorem, contained in the next lemma.

Lemma 4.6. If u satisfies BV P2 with f=0 and k > 0, then, for some constant C > 0
and all 0 < h <t and A >0,

A

kr Re(B)|uol? + Imj it < Chin(1/h). (60)

—A

Proof. Suppose that u satisfies BVP2 with f=0 and k > 0. Choose 4 >0 and
0<hy<h<3%, and apply Green’s first theorem [12] to u and @ in
S:={x:|x{| < 4,hy < x, < h}. Recall that Au = — k?u and take the imaginary part
of the resulting equation, to obtain that

0
Im f i ds =0, (61)
s On

where n is the outward normal to 0S.

For B>0 and H >0, let T'f:= {x: |x;| < B,x, = H}. Then 08S =T, uli Uy,
where y:= 0S8\ ('L UT}) consists of the two vertical sides of 0S. By condition (i) of
BVP2 and Lemma 4.4,

ou
i—d

A

1 g — —

u S= — Uy, Up,
i on -4

A
aikf Bluol?
—A

< CJh In(1/s)ds < Chln(1/h).

1y

Also,

as h; — 0, by condition (iii) of BVP2, and noting that |y;— 4 4(un, — to)ll1 =0 as
hy — 0 since u € C(U). Thus, letting h; — 0 in (61), we obtain the required result. []
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The other tool in our uniqueness proof for k > 0 is that we have representations for
uy and ujf in terms of u,. Specifically, if u satisfies BVP2 then, from (55),

Uy, = Kp*ug, h >0, (62)
from which it follows (see the end of section 3) that

uf =K, *ug, h>0, (63)
with x;, and &, given in terms of the function w, defined by (32), by

ow(x)
axz ’

Ky (X1) = W(x),  Ryy(xq) = el. (64)

Since w and 0w/0x, satisfy the bound (33), it follows that for every h > 0 there exists
C, > 0 such that

(@1, 1RO < Cu(L + 16D %2, teR, (65)

so that «,, &, € L{(R), h > 0.

We would like to argue at this point by applying Lemma 3.4. Specifically, if we
knew that u, € L,(R) then, from (62) and (63), uy,, uff € L,(R). It would then follow that
J 7% @, uff exists, and that

A + o0
ImJ ﬁhu;‘=1mf wuif +o(l) as A— oo.

—A —

Then, applying Lemma 3.4 it would follow that the integral on the right is non-
negative, and we would obtain, from (60), an upper bound on [* Rep |uol?.

Of course, we do not know a priori that uy € L,(R) but only that uy € BC(R), so that
Lemma 3.4 cannot be applied in this way.
To recover the situation to some extent, define v, a solution of BVP1 for boundary

data f'= uoy - 4.7, BY
vp = Kp*(Uo)r- 4.1, h>0. (66)
Since  uoy- 4.4 € L2(R)INL,(R), Lemma 34 can be applied to give that
vy, UiF € Lo(R)n Lo (R), for every h > 0, and that
+ 0
I .= ImJ o = 0. (67)

Note also that (see above or end of section 3), since v satisfies (66),

i = Rpx(uo)-a.a)s h>0. (63)
Define
A A
I,:=1Im J gy, Ij:= ImJ DU, (69)
-4 -4
4
JA:: \[ |UO|2. (70)
—4
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The final stage of our uniqueness proof is contained in the next lemma. We require the
following assumption on the admittance f, which ensures, in physical terms, that the
boundary is everywhere energy-absorbing.

Assumption Al. For some n > 0 and almost all s € R, Re f(s) = n.

Lemma 4.7. If u satisfies BV P2 with f= 0 and k > 0, Assumption A1 is satisfied, and,
for some sequence {A,,} = R™ such that A,,— o0 as m — oo,

Iy, =14, +0(1) asm— o, (71)
then u = 0.

Proof. From Lemma 4.6, (67), and applying Assumption Al,

A

knd, < kf Re Bluol? < Chln(1/h) — I, < Chln(1/h) — (I, — I}). (72)
—A

Thus, if (71) holds,

rA

m C
[uol> < —hlIn(1/h) + o(1)
A kn

as m — o0, so that uy € L,(R) and

r+ oo C
|uol* < -—

| 11/,

Since this equation holds for 0 < h <3, it follows that uy, = 0 and, from (62), that
u=0. O

Of course, application of Lemma 4.7 depends on showing first that (71) is satisfied.
If uy € L,(R) then (71) is clear, but given only that u, € BC(R) we shall see below that
the most we can show immediately is that

I,—I;=0(49 as A— oo, (73)

for every g > 1/2. However, we can use (73), via (72), to bound the growth of J, as
A — oo and, in turn, we shall see that, using (62), (63), (66), and (68), we are able to
obtain a sharper bound than (73) on I, — I.
It proves more convenient to bound Iy — Iy and I, — Iy rather than I, — I
directly. In our next lemma we immediately obtain quite a strong bound on I'; — I}.
Throughout the remainder of this section ¢ denotes a positive constant, indepen-
dent of A4, not necessarily the same at each occurrence.

Lemma 4.8. If uye L (R) then I’y =I5+ O(InA) as A - 0.
Proof. If uy € L .(R) then, from (66) and (65),

A
|uo(r)| dt
[oa(s)| < CJ_A Ttls—1)° seR,
4 dt
< P EErE—y = A. 4
S e ™
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Thus, for |s| = A,
oa() < c{(1 +Is| = A) 12 = (1 + Is| + 4) 72}
< cA(l +|s] — A)’”z(l + s+ A4)" L (75)
From (68) and (65) the same bounds, (74) and (75), apply to |vf(s)|. Thus,

I, — 1] < f ol [0
R\[ — 4,4]

< cAzf ds i
4 lT+s—AA+s+ A
® du
= 76
CL/A“(Z‘F“)Z’ (76)
substituting 1 + s = A(1 + u). The result follows. O

Application of this next lemma repeatedly (first with p = 1 to give (73)) enables us to
prove (see Corollary 4.11 below) that I, — I’y and J, increase at most slower than any
positive power of A as A — 0.

Lemma 4.9. If uye L (R) and, for some p in the range 0 <p <1, Jy = O(A") as
A — oo, then, for all g >p/(p + 1), Iy, =1 + O(AY) as A —> .

Proof. From (62), (66), and (65),

|uo(1)|dt
up(s) — vp(s)| < ¢ ——, seR. 77
o)~ < | O @
From (63), (68), and (65), the same bound applies to |ujf(s) — vjf(s)|. Also,
[un($)s ()] < [lrcn 1 [uoll oo |uis ()], 105 ()] < [IRlly [luollco- (78)
Thus,
A
Ly — Iyl < J (lunl luit — v + (V3| Tun — val) (79)
—A
A
Juo(t)|dt }
<c — - ds. 80
., U[] T+ 1s— 0" (%0

Now, suppose that J, = O(A”) and let o := 2/(p + 1). Then, for se [ — A4, A], by the
Cauchy-Schwarz inequality,

f uo(0)lde { f de }”2 i
~
[ ananp—aa (14 s —1])*? [ aaf—aa (1 + s —1])?

< cA™/? JOO dr 1
a1 +1—]s))’°

cAr/PT1

<—. 81
1+A4—]s| @D
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Also, for se [ — A4, A],

J uo()ldt—_ F dt
_wemlde (7 dr
pf—anary (14 |s — 1) (L +1—|s)3?

Se(l+ 4% —[s)~ "2 (82)
Now
rA dS
——=2In(1+ 4 83
| v A n(l + 4) (83)
and
rA ds — 4{(1 + Aa)1/2 o (1 + A% — A)l/Z}
Joa(l+ A" —|s)ht?
<4442 = 440100F D), (84)
Combining (80)—(84) the result follows. O

Lemma 4.10. If u satisfies BV P2 with f = 0 and k > 0, Assumption A1 is satisfied and,
for some n =2, J,=0(A*")as A — oo, then Jy = 0(A?"* D)y as A - .

Proof. Suppose the hypotheses are satisfied. Then J, = O(4P) as A — oo with
p = 2/n. It follows from Lemma 4.9, with ¢ = 2/(n + 1) = 2p/(p + 2) > p/(p + 1), that
I,=1,+0(A4% as A — oo and then, from Lemma 4.8, that I, = I} + O(AY) as
A — oo. From (72) we conclude that J, = O(4%) as A - 0. O

Corollary 4.11. Ifu satisfies BV P2 with f= 0 and k > 0 and Assumption A1l is satisfied,
then, for all ¢ >0, J, = O(A%) as A — oo and ug € L, ,(R), ug € L, (R). Further, for
0 <1 <3, tp, ujf, vy, vFF € Ly ,(R) with

et 11205 1083 2,5 N0 2,5 103 W 2,0 < € a0 2.0 (85)

Proof. 1f the hypotheses are satisfied than J, = O(A4) as A — oo and the conditions of
Lemma 4.10 are satisfied with n = 2. It follows by induction, applying Lemma 4.10,
that J, = O(4*™)as A — oo, for alln € N. Thus, forevery ¢ > 0, J, = O(4%)as A > o
so that ug € L) ,(R). It follows from Lemma 2.1 that u, € L, ,(R) for every & > 0.
Further, from (62), (63), (66), (68), (65), and Lemma 2.2 it follows that u,, uj,
Up, Uif € Ly 4(R), for 0 <y < 1, and that the bound (85) holds. O

From the above corollary and Lemmas 4.8 and 4.9, it follows that I, — Ij increases
at most very slowly (O(A4°) for arbitrarily small ¢ > 0)as 4 - oo . To show, finally, that
1, — Iy actually decreases we bound, in Lemmas 4.13 and 4.14, the differences I, — I’
and I’y — I in a different way. We require first the following preliminary lemma.

Lemma 4.12. Suppose that ¢ € L) (R), for some ¢ > 0. Then, for every o in the range
0 <o <% — & these exists a constant ¢ > 0 and a sequence {A,,;me N} < [1, 00) such
that A,,—~ oo as m — oo and

J lp|* <cA,*, meN,
Qy
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834 S. N. Chandler-Wilde

where Q1= (— A — AV2 A + AV\(— A + AV2, 4 — AV2), A €[], o0).

Proof. Note that, if n,me N and n # m, then Q,.NQ,,2 = 0.
Suppose that the result is false. Then there exists some o in the range 0 <o <3 — ¢
and some N € N such that, forn=N,N + 1, ...,

[, 1ok =
Q.
Thus, forn =N, N + 1, ...,

n2+n n
J lpl> = Y m™2* > cn' "2 > ¢(n® 4+ )2
m=N

But this contradicts that ¢ € L’ ,(R). O

Suppose now that the conditions of Corollary 4.11 are satisfied. Then Lemma 4.12
can be applied with ¢ = u, and any ¢ > 0. In particular, we can obtain a sequence
{A,: meN} = [1, o) such that 4,,—» o0 as m—> oo and

J luo|* < ¢4, ', meN, (86)

where o,,:= Q, . For me N let

A, = A, — ALV2 AF = A, + AL, (87)
and define o, < w,, by

O 1= (= Ay A\ = A Ap)s - 0 1= (= Ay A\(— Ani, Ay).

Lemma 4.13. If u satisfies BV P2 with f = 0 and k > 0 and Assumption Al is satisfied,
then Iy, =1y, +o(1)asm— .

Proof. From (74),if A = A,

A
” |uo(t)|dt
< ) 7’
[vn(5)] cf_Am T+ s — 17"

< r’" uo®lde J : Juo(t)|dt

(L |s — 1)) L+ |s—1])*?

Now, by the Cauchy—Schwarz inequality,

J*Am [uo(t)|dt < 12 JAm dt 1/2
(L s =22 7 ) s —1)?

and, for |s| > A4,,,

o de i dr 1
= | s <S4l — 47
fAm<1+|s—t|)3 fAm<1+|s|_z)3 5 T+ lsl = Aw)
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Applying Corollary 4.11 with & = £,

J A Ju(t)|dt

el — e <A A B = A bl > A (59)
s

Similarly, and using (86),

luo(t)|dt L, 2 dt 1/2
Lm(l =S {J,ﬂ o2 dt} me(l T z|)3}

S AL+ Isl = An) 7 Is| > Ay (90)
Combining (88), (89), and (90),
o) < AR (14 18| — Ap) ™ 4 cAn O+ Is| = A4) 7Y ISl > A (O1)

Since the bound (74) holds also for |vf(s)|, the bound (91) also holds for |vjf(s)|. Thus,
for |s| > A,,,

o) 103 ()] < (cAp " (1 4 18] — Ap) ™" 4 cAy O+ Is| — 4,) 1)
S+ |s| — Ap) 2 4+ cApn (L + |s| — A,) "2
Thus, from (76),

0 ds ds
L, — L4, < cAl© f<1+s—Am> +edn J(1+s—A)
:%i;/z + CA,;I/IZ
-0
as m — ooO. D

Lemma 4.14. If u satisfies BV P2 with f = 0 and k > 0 and Assumption Al is satisfied,
then 1, = I, + o(1) as m — oo.

Proof. From (77), for A = A4,,,

ns) — 0y(8)] < ¢ f uo@ld? ey 92)

R Apayy (14 [s = 2)*%
the same bound applying also to |ujf(s) — vjf(s)].

Let ¢ = 4. Then ug € L,_,(R) by Corollary 4.11, and, applying the Cauchy—Schwarz
inequality,

[ e
mp—anan (14 s — )2

1/2 (1 + t2)s dt 1/2
< 1+ 1) %u tzdt} U A S el
{JR\[A;,A;]( ) o) R—ara (145 — t)?

2 (14 2pde |2
<ol | =TT g<a,
oll.{ [ 45
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Now, for |s| < A, t = A,

141¢2 14£2
<
A4+t—Is)?> L +t—A4))

<1+ A4,

so that, for |s| < A4,,,

1)|dt L[ dt 1/2
I CL| -
rp—asa (1 +s—1]) a4 (Lt — )=

ScAy(L+ A, — st (93)

Similarly, and using (86),

luo(t)|dt ,|M? dt 12
TP |utol T . 3
o (Lt s —1]) ol or (Lt |s — 1))

< CAV;I/G ) L 1/29 |S| < Ama
an (LAt —1s])*

S AP+ Ay =) sl < A ©4)
Combining (92)—(94),

lun () — 0u(S)] < AR+ A —IsIF 7+ cAp O+ A — 1) IS < A,

so that
CAZ& CAC* 1/6
— 2L o o , < A, 95
|Mh(S) Uh(s)| (1 + Ar:; . |s|)272¢; + (1 + Am _ |S|)27£ |S| ( )
The same bound applies to |uj(s) — v (s)|>.
By Corollary 4.11 and Lemma 2.1, u,, vjf € L (R) with
A A
f |unl?, J i > < cAyf, meN. (96)
—Am —Am

Thus, applying the Cauchy—Schwarz inequality to (79) and utilizing (95),

Am d Am d 1/2
+i 228+A$"1/6J S_ 2—¢
—an (L + Ay —s]) — e (L4 Ay — Is])

<CA::”{A,2"S(1 +Ar: _Am)Zs—l +A§nfl/6}1/2

Ly, — ] < A, {A,,,f

< CA;,1/48. 0

We have now established enough to apply Lemma 4.7 to obtain the following
uniqueness result:

Theorem 4.15. If, for some n = 0, Re (s) = n for almost all s € R and either Imk > 0 or
n > 0, then BV P2 has at most one solution.
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Proof. 1f BVP2 has two solutions, u" and u®®, their difference, u = u'® — u'®, satisfies
BVP2 with f = 0. In the case k > 0, n > 0, if follows from Lemmas 4.13 and 4.14 that
there exists a sequence {4,} = R* such that 4,,—» oo as m— oo and such that
1, =14, + o(l) as m —» oo. Applying Lemma 4.7 it follows that u = 0. In the case
Imk > 0 that u = 0 follows from Theorem 4.5. O

Remark 4.4. Note that Theorem 4.15 no longer holds if we require only that Re § > 0.
For if § is constant on I', with Ref =0, Imff <0, and k > 0, then it is easy to see,
using (53), that, if

uo(s) :=exp( + ik /1 — p3s), seR,

then
ug = 1ik(f — 1)Ao*uo,

so that the integral equation (52) with f'= 0 has a non-trivial solution. It follows from
Theorem 4.2 that BVP2 with f= 0 also has a non-trivial solution. (This solution is

u(x) = exp(ik( £ /1 — B>x; — px,)))

4.3. Existence of solution

To prove existence of solution we note that from Theorems 4.1 and 4.2, BVP2 and
(51) are equivalent, and that if u satisfies (51) then u, satisfies the boundary integral
equation, in operator form,

Uy = F + Kﬂuo, (97)
where F € BC(R) is defined by F := — /o *f, and K;: BC(R) — BC(R) is defined by

Kp = ikdo*((f — ). ¥ € BC(R).

If |f—1],<C* where C*:=1/(]k|[40ll1) ~0.509 when k>0, then
IKgll < Ikl Zoll1 If — 1] o < 1, and existence (and uniqueness) of solution of BVP2 is
guaranteed by a Neumann series argument. Uniqueness of solution has been shown in
Theorem 4.15 under more general conditions, and existence of solution can be
deduced from the following result on convolution integral equations with coefficients:

Theorem 4.16 (Chandler—Wilde [5, Corollary 4.7]). Suppose that k € L{(R) and, for
z € L(R), define 4,: BC(R) —» BC(R) by

Ay =wx(zy), e BC(R).
If Q <= C is compact and convex and I — A, is injective for every z € L2:= {z € L ,(R):

ess.range z < Q}, then I — A is surjective for every z € L2, so that (I — A.)~ ' exists as
an operator on BC(R). Further,

sup (I — #2) 1| < oo

zel?

The proof of Theorem 4.16 uses Lemma 2.3 and that the set L2 is translation
invariant and also weak * sequentially compact if Q is compact and convex.
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838 S. N. Chandler-Wilde

Applying the above result to the integral equation (97) we obtain the following
result which establishes unique existence of solution for BVP2 and continuous
dependence of the solution on the boundary data f, uniformly in .

Theorem 4.17. Suppose that, for some n = 0, Re f(s) = n for almost all se R and that
either Imk > 0 or 5 > 0. Then BV P2 has exactly one solution and, given any bounded
set P < C,:={weC: Rew >y}, there exists a constant Cp, dependent on P but
independent of  and f, such that, if ess. range § < P, the solution u of BV P2 satisfies (3).

Proof. Suppose that P < C, is bounded and let P’ be the closure of the convex hull of
P. Then P’ is compact and convex and P < P’ = C,. By Theorems 4.2 and 4.15,
I — K, is injective for every e L. Since P’ is compact and convex, so is the set

Q= {ik(w — 1): we P'}. (98)

Applying Theorem 4.16, with k := A, and Q defined by (98), we deduce that I — K is
surjective for every f e LY and that

C':=sup (I —Kp ' < 0.

pelL”

Thus, for every f € L¥ and fe L (R), the integral equation (97) has a unique solution
uy € BC(R), which satisfies

luoller < CIIF oo < C"[[ 2ol 1o

From Theorems 4.1 and 4.2 it follows that BVP2 has a unique solution, defined in terms
of uy by (51). Further, by Corollary 4.3, u satisfies (3), with Cp:= C'C | ] ;. O

4.4. Limiting absorption principle

We show in this section, by establishing a limiting absorption principle, that the
radiation condition in BVP2, which is superfluous by Remark 4.3 if Imk > 0, is
selecting in the case Re § = > 0 the physically correct solution for k > 0.

Write u, K, Ao, Kg, and F:= — Jox fas u®, ki, 2§, K, and F®), respectively, to

denote their dependence on k. Explicitly,

: ikls| oo p—1/2g = Kislt
l‘é"(s)=%H‘o”(k|s|)+e J L 41 seR (99)

oo St =2it —i)?

It is shown in [11] that (42) holds uniformly not only in x and y but also in Imk, for
0 <Imk < C. From this and (99), applying the dominated convergence theorem, it
follows that, for every k > 0, |25 — %, -0 ase— 0. Thus

[K§E"D — K| < {Ik +iel |26 — AP0, + el 26701} 18 — 1|, = O
ase—0".

Suppose that, for some n > 0, Re (s) = n for almost all s € R. Then, by Theorem
4.17, BVP2 has exactly one solution and, for k > 0 and ¢ > 0, I — K{ "™ is invertible.
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By standard operator perturbation results, for all ¢ sufficiently small such that
Cle):= (I — KP) " IKE™ = K@ <1, |(T—K§F) 7 < I — K§) 7ML — Ce)).
Thus,

”ugc-FiS) _ ugc)”w — H(I _ K(ﬂk+i£))_1 {(K2k+is) _ K;;k))u(ok) + F(k+i£) _ F(k)}Hoo
< = KET) 7 {IKE T = K 6]

+ 1267 =28 1S 10}

-0

as ¢ » 0*. Further,

u;[k+is) _ u;,k) — K;lk-%-ie)*u(éﬁ'iS) _ K},k)*u(ok)

so that (cf. proof of Theorem 3.3),
k+i k k+i k k+i k k+i k
™ — o < et = w1y g o+ [k 1 ™ — ug?]]
-0
as ¢ > 0%. We have shown the following result.

Theorem 4.18. Suppose that, for some n > 0, Re f(s) = n for almost all s € R and that
k > 0. Then, for every x € U, u**9(x) - u®(x) as e = 0", where u®** and u® denote
the unique solutions of BV P2 for wave numbers k + i¢ and k, respectively.
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