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Abstract. We consider the problem of scattering of time harmonic acoustic waves by an un-
bounded sound soft surface which is assumed to lie within a finite distance of some plane. The paper
is concerned with the study of an equivalent variational formulation of this problem set in a scale
of weighted Sobolev spaces. We prove well-posedness of this variational formulation in an energy
space with weights which extends previous results in the unweighted setting [S. Chandler-Wilde and
P. Monk, SIAM J. Math. Anal., 37 (2005), pp. 598-618] to more general inhomogeneous terms in the
Helmholtz equation. In particular, in the two-dimensional case, our approach covers the problem of
plane wave incidence, whereas in the three-dimensional case, incident spherical and cylindrical waves
can be treated. As a further application of our results, we analyze a finite section type approximation,
whereby the variational problem posed on an infinite layer is approximated by a variational problem
on a bounded region.
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1. Introduction. This paper is concerned with the analysis of problems of scat-
tering by unbounded surfaces, in particular, with what are termed rough surface scat-
tering problems in the engineering literature. By the phrase rough surface, we will
denote throughout a surface which is a (usually nonlocal) perturbation of an infinite
plane surface such that the surface lies within a finite distance of the original plane.
Rough surface scattering problems in this sense arise frequently in applications, for
example, in modeling acoustic and electromagnetic wave propagation over outdoor
ground and sea surfaces, and have been studied extensively in the physics and engi-
neering literature from the points of view of developing effective numerical algorithms
or asymptotic or statistical approximation methods (see, e.g., Ogilvy [33], Voronovich
[42], Saillard and Sentenac [35], Warnick and Chew [43], DeSanto [18], and Elfouhaily
and Guerin [19]).

Despite this extensive practical interest, relatively little mathematical analysis of
these problems has been carried out. In particular, only in the last five years have
the first results been obtained, establishing well-posedness for three-dimensional (3D)
rough surface scattering problems, using integral equation methods (see Chandler-
Wilde, Heinemeyer, and Potthast [13, 14] and Thomas [39]) or variational formulations
(see Chandler-Wilde and Monk [11], Chandler-Wilde, Monk, and Thomas [15], and
Thomas [39]). The variational approach proposed in [11] for the sound soft acoustic
problem leads to explicit bounds on the solution in terms of the data and applies
to a rather general class of nonsmooth unbounded surfaces. The approach in [11] is
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extended to more general acoustic scattering problems in [39], including problems of
scattering by impedance surfaces and by inhomogeneous layers (see [15]).

In this paper we will rigorously analyze time harmonic acoustic scattering, seeking
to solve the Helmholtz equation with wave number k£ > 0,

Au+ku=g,

in the perturbed half-plane or half-space D C R™, n = 2,3. The scattering surface
I" := 0D is assumed to lie within a finite distance of some plane; for example, it may
be the graph of an arbitrary bounded continuous function. Moreover, we assume that
the support of g lies in an infinite layer Sy of finite thickness between the surface I" and
some plane Ty above I and that g belongs to a weighted L? space (1+12)¢/2L%(Sy) for
some |g| < 1, where r denotes the radial distance within the layer Sp. This function
space setting with weights acting only along the boundary of the unbounded domain
D covers the important problems of plane wave incidence in the two-dimensional
(2D) case and of incident spherical and cylindrical waves in the 3D case; see section 5.
While the methods we use and the results we derive can be adapted to other boundary
conditions, to keep things specific and to make use of earlier results [11, 15], we will
restrict our attention to the simplest case when a homogeneous Dirichlet boundary
condition u = 0 holds on I'. The problem formulation is completed by a suitable
radiation condition, expressing that the wave scattered by the surface must radiate
away from the surface, and the introduced weights allow us to integrate this condition
into an equivalent variational formulation of the Dirichlet problem.

This paper is closest in its results to Chandler-Wilde and Monk [11], who studied
the same Dirichlet scattering problem in the case of right-hand sides g € L?(Sp).
Extending the approach of [11] in the unweighted space setting, we introduce an
equivalent variational formulation of this problem in an energy space with weights
which decay or increase as (1+72)2/2 | |o| < 1, on the layer Sy. Moreover, on the upper
boundary I'g of Sy, the solution is required to satisfy a nonlocal boundary condition
involving the exact Dirichlet-to-Neumann map 7'. This condition is often used in a
formal manner in the rough surface scattering literature (e.g., [18]) so that, above the
rough surface I' and the support of g, the solution can be represented in integral form
as a superposition of upward traveling and evanescent plane waves. This radiation
condition is equivalent to the upward propagating radiation condition proposed for
2D rough surface scattering problems in [10] and has recently been analyzed carefully
in the 2D case by Arens and Hohage [4]. Arens and Hohage also propose a further
equivalent radiation condition (a “pole condition”).

In contrast to the general case of a nonlocally perturbed plane surface, there
is already a vast literature on the variational approach applied to periodic diffrac-
tive structures (diffraction gratings) or to locally perturbed plane scatterers; see, e.g.,
Kirsch [27], Bonnet-Bendhia and Starling [6], Elschner and Schmidt [20], Bao and Dob-
son [5], Elschner et al. [21], Ammari, Bao, and Wood [1], and Elschner and Yamamoto
[22]. The assumption made in all of these papers leads to a variational problem over
a bounded region so that compact imbedding arguments can be applied and that
the sesquilinear form that arises satisfies a Garding inequality which simplifies the
mathematical arguments considerably compared to the cases studied in [11, 15, 39].
However, the detection of eigenfunctions of such periodic diffraction problems (e.g.,
trapped-mode solutions along diffraction gratings) requires more sophisticated meth-
ods, and we refer to Kamotskii and Nazarov [25, 26] and Nazarov [31] for important
results in this direction.
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This paper is organized as follows. In sections 2 and 3 we formulate the boundary
value problem and its variational formulation precisely, and we give the details about
our assumptions on D and about the radiation condition we impose. Section 3 is also
devoted to new continuity properties of the DtN map T in weighted Sobolev spaces
on I'y.

In section 4 we study the well-posedness of the variational formulation in the
energy space with weights. Our main result, Theorem 4.1, is to show, for a range
of increasing and decreasing weights, that the problem is well-posed in the weighted
space setting if and only if it is well-posed in the unweighted space setting. This
result depends on technical estimates of the commutator of the DtN map T and the
operation of multiplication by the weight function; see Theorem 3.1. Combining this
result with previous results on well-posedness in the unweighted setting for sound soft
scattering [11], we are able to show well-posedness in a weighted space setting.

In section 5, to illustrate the importance of these results, we make two applica-
tions. First, in the 2D case, we prove existence of solution to the problem of plane
wave scattering by an unbounded sound soft surface, extending previous results de-
rived for the case when the boundary is the graph of a sufficiently smooth function
[17] to much more general surface profiles. We note that, even in the well-studied
case when the boundary is periodic (is a diffraction grating), the uniqueness result we
obtain is a significant extension of the results known to date [22]. We briefly discuss
why our methods do not extend to the case of plane wave incidence in the 3D case
(indeed, why this problem may not be well-posed), and we apply our results to prove
existence of solution to the 3D problems of scattering of incident spherical and cylin-
drical waves. In the second application of our results, we analyze the approximation of
the variational problem in the infinite layer Sy by a variational problem in a bounded
region (to which finite element methods can then be applied), with this bounded re-
gion coinciding with the original layer Sy inside a ball of radius R. We prove stability
and convergence of this approximation procedure and use our weighted space results
to prove error estimates as a function of R.

The final section 6 is concerned with the proof of our crucial commutator estimates
stated in Theorem 3.1. Note that the DtN map T is a pseudodifferental operator
on R"~! with a nonsmooth symbol so that the standard calculus of pseudifferential
operators acting in weighted Sobolev spaces (see, e.g., [34]) is not sufficient to obtain
the result.

2. The boundary value problem and radiation conditions. Let x =
(z,2,) € R" (n = 2,3) with z € R"™!, and let D C R™ be an unbounded domain
such that, for some b < 0,

(2.1) UpcDCU,, Up:={x:xz,>0b}.

For h € R, let I'y, := {x: z,, = h} and S}, := D\Up,. The variational problem will be
posed on the open set Sy which lies between the rough surface I' = 9D and the plane
(or line) Iy (cf. Figure 2.1). In addition to (2.1), we will assume that D satisfies the
condition that

(2.2) x€D=x+se, €D foralls>0,

where e,, denotes the unit vector in direction x,,. Condition (2.2) is satisfied if T" is
the graph of a continuous function but also allows more general domains. We now
introduce weighted L? and Sobolev spaces. For o € R, I € N and a domain G C R”,
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1

Xn=

Fic. 2.1. Geometrical setting of the scattering problem.

define the Hilbert spaces

LA(G) == {u € LL (G): (1 +2%)%*u e L*(G)},
HL(G) == {u € HL.(G) : (1 +2%)%*ue H(G)},

equipped with the corresponding canonical norms

1/2
lull sz = ( / |<1+a:2>’-’/2u\2dx) ,
G
1/2

l
; 2
e = (X [ 1990+ a?)erufax )
j=0 /G
V =Vig.

The space V}, , is then defined, for h > 0, as the closure of {u|s, : u € C§°(D)} in the
norm

23) Julv,, = lelysy = ([ h (10 2ol + v +x2>@/2u>|2)dx)”2 |

We set Vo, = V, in the following, which is the energy space for our variational
problem. Moreover, we introduce the weighted Sobolev space

Hi(Ty) = {ve Hy (Ty): 1 +2%)%%v e H'(T})}, s,0€R,

equipped with the canonical norm |[v||gsr,) = [[(1 + 2%)/20|| gre (1), where H*(I')
is identified with the Sobolev space H*(R"~!) with norm

1/2
2.4) ol = ([ @+ @yipopag)

Here F'v denotes the Fourier transform of v defined by

Fo(€) = (2m) (=72 / exp(—iz - €)u(z) dz, £ €R™
Rnfl

with the inverse transform given by

F~lw(z) = (27r)*<”*1>/2/ exp(iz - E)w(E) dé, x € R"71.
R"_l
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Note that F' is an isometry of L*(R™~") onto itself and also an isometry of L2(R"~!)
onto He(R"1) since, on using the norm (2.4) and the relation F?u(z) = u(—z), = €
Rnflj

|\Fu||§{g(wl):/]R _1(1+x2)"|F2u|2dx:/R (U )fuldr, ue CRERY).

More generally, F' is an isomorphism of Hj(R"™') onto HZ(R"~!) for all 5,0 € R;
see [34, 41]. From time to time, we will make use of the following lemma, the proof of
which is obvious.

LEMMA 2.1. Suppose h > 0 and ¢ € R. For u € V}, o, let

Il = </Sh(1 +x2)@(\u\2 + \vu|2>dx>l/2 .

Then || - || is a norm on Vi, that is equivalent to the norm || - ||v, ,; precisely, for
some constants Cy and Cy depending only on o, |lullv, , < Ci|lul” < Collullv, , for
alluw € Vi, , and all h > 0.

We now state our boundary value problem, formulated in a weighted space setting.
As indicated in the introduction, it is the study of this problem in weighted spaces,
and the application of the new results to which this gives rise, which is the object
of this paper. Indeed, a main result of this paper will be to show that solvability of
this boundary value problem in weighted spaces, for the range of ¢ indicated, is a
consequence of its solvability without weights, i.e., for the case ¢ = 0. (And this is
useful since solvability for the simpler case without weights is already established in
[11].) After stating the boundary value problem we will comment in the remainder of
this section on how the radiation condition is to be understood, in particular, when
0 < 0. We will also comment on the restriction on the range of ¢ (Jo| < 1) in the
statement of the boundary value problem, explaining why this range is natural and
sharp. Precisely, we will point out that the radiation condition (2.5) does not make
sense for all u € H;/ * when o < —1, and we will show that the boundary value
problem is not, in general, solvable for o > 1.

The boundary value problem (BVP). Given g € L2(D), with |o| < 1 and suppg C

So, find u € H} (D) such that u|s, € Vj,, for every h > 0,
(A+k*)u=g in D,

in a distributional sense, and the following radiation condition is satisfied:
u(x) = F~Lexp (—xn\/§2 - k2) Fuo(€)
25) = (27r)*<"*1>/2/ exp (—xn\/§2 R 4ix - g) Fuo(€)de , x € Uy,
Rn—1

where ug = ulp, € Hgl/Z(I‘O) (from the trace theorem) and /&2 — k2 = —i\/k? — &2
when [£| < k.

We explain in this paragraph and the next in what sense (2.5) is to be understood
and why, in the above formulation, we restrict ¢ to the range o > —1 (the restriction
to o < 1 is explained at the end of this section). For ¢ > 0, the integral (2.5) exists
in the ordinary Lebesgue sense since Fug € L2(R"~1). Further, for ug € L?(Ty), the
radiation condition (2.5) can be written in the alternative form

99(x,y) 90(x,y)

20) (=2 [ FEDuas) =2 [ D w()dy. x e .
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where the fundamental solution ® of the Helmholtz equation is given by

L exp(iklx—y])
Ar - x -y ’
P(x,y) =

i H (Klx—y])  ifn=2

for x = (x, ),y = (y,yn) € R", x # y. Here Hél) is the Hankel function of the first
kind of order zero. In the case n = 2, (2.6) is just the upward propagating radiation
condition (UPRC) proposed in [10], and we refer to [7, Chap. 5.1.1] for n = 3. For
further discussion of the rationale for the radiation condition (2.5) and its relationship
to other proposed radiation conditions for rough surface scattering, we refer the reader
to [11].

For ¢ < 0, we understand (2.5) by extending the mapping uo € C§°(I'o) — u(x),
given by (2.5) for any fixed x € Uy, to a bounded linear functional on H;/Q(l"o).
The restriction o > —1 arises precisely because this extension is possible only for
the range o > —1. To see this, we observe that, since F' is an isomorphism from

1/2 oy —
Hy*(R*1) to HY),

bounded linear functional on H;/Q(l"o) for p < 0 if and only if fx € H:f/z(Rnfl),

where fx(§) := exp(—zp/&? — k2 +ix-£). But this holds precisely for ¢ > —1; in fact
(this can be deduced from (2.6) and Parseval’s theorem), the Fourier transform of fx
is given by

(R"~1), the mapping up — u(x) given by (2.5) extends to a

e 0P(x,y
Fh() = 2emn 20N

and straightforward explicit calculations (see [10] for the case n = 2) yield that
(27) |fo(y)| ~ cn$n|y|7(1+n)/2

as |y| — oo, where the constant ¢,, depends only on k& and on the dimension n. From

this we deduce that Ffy € H:;/Z(Rnfl) so that fx € H:l"/Q(R"’l) if and only if

o > —1. For p > —1, the extension of the mapping uy — u(x), given by (2.5), to a
bounded linear functional on H, ;/ 2(1"0) is given explicitly by (2.6), the asymptotics
(2.7) guaranteeing the existence of the integral (2.6). Thus (2.6) makes explicit the
meaning of (2.5) in the case —1 < p < 0.

Remark 2.2. We note (and this is important in our later applications) that there
is a degree of arbitrariness in our radiation conditions (2.5) and (2.6). By this we
mean that we could replace z, in (2.5) by z, — ¢ for any ¢ > 0 (in fact, for any
¢ € R such that suppg C S, and U. C D); the corresponding change to (2.6) would
be to replace I'y by I'.. We will show in Theorem 4.1 below that the boundary value
problem is uniquely solvable. Clearly (by a simple shift in the vertical direction of
the axes), we can deduce from this that the above boundary value problem with z,,
replaced by z,, — ¢ in (2.5) is also uniquely solvable. We reassure the reader that these
unique solutions are the same! This is demonstrated for the case ¢ = 0 in [11], and
this result, together with the density of L*(Sp) in L2(So) for ¢ < 0 and the stability
results proved in Theorem 4.1, implies that the solutions are the same also for |g| < 1.

We have explained above the restriction to o > —1 in the boundary value problem
formulation. We make the restriction ¢ < 1 because we cannot, in general, expect the
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boundary value problem to be solvable for ¢ > 1 (with the solution satisfying that
uls, € Vi, for every h > 0). To see this, we consider the instructive case where D is
a half-plane or half-space, i.e., D = U,, for some c € (b,0). Moreover, let us consider
the case when ¢ is compactly supported in a ball centered on some point z € Sy of
radius € > 0 sufficiently small so that the ball lies in Sy, and further let us assume
that g(x) = 1 inside the ball.

We have remarked already that it is shown in [11] that the boundary value problem
is uniquely solvable when ¢ = 0. For the specific case we are considering, the unique
solution to this boundary value problem can be written very explicitly. Let G.(x,y)
denote the Dirichlet Green’s function for U, given by

GC(Xv Y) = CI)(X, Y) - (I)(Xv y/c)7

where y’, denotes the image of the point y in the plane y, = c¢. Then the solution to
the boundary value problem is

-2 X—2z X—7
(2.8) u(x):{k U Artic—al). el <

where the function f is defined by

Jo(r), m=2,
flr) = { sinr

) n:37
r

Jo is the Bessel function of the first kind of order zero, and the constants A and C
are chosen to ensure C'' continuity of u across the boundary of the ball; for example,
in 3D,

A=Q ik —1) and C = 47Q ' exp(—ir)(x cos(k) — 1),

where @ = kcos(k) — 1 + sin(k)(1 — ik) and k = ke. It is easy to check that this
expression does satisfy Au + k?u = g in D = U, and that uls, € V), for all h > 0
if p = 0 (indeed, for all p < 1) follows from the asymptotics (2.9) below. To see that
u, given by (2.8), does satisfy the boundary value problem, it remains to check that
u satisfies the radiation condition; to do this, we can show that u satisfies the form
(2.6) of the radiation condition by applications of Green’s theorem to Gy(x,-) and u
in Uo.

A first observation is that this example demonstrates that, if ¢ is chosen carefully
enough, then the above boundary value problem is solvable for all o € R. For certainly
it is true in this example that g, being compactly supported, satisfies g € LZ(D) for
all p € R, and if € is chosen so that C = 0, then u is also compactly supported,
and so ulg, € Vi, for all h > 0 and ¢ € R. But the example, slightly more subtly,
also illustrates that, in general, even if g is compactly supported and so satisfies
g€ LE(D) for all ¢ > 0, we cannot expect that u|s, € V, , for any h > 0 and ¢ > 1
since u|s, € Vo,o for o = 1 if C # 0. To see that this is true, it is enough to examine
the asymptotics of G(x,z) as x — oo in Sp. From [12, eq. (4.2)] in the 2D case, and
by simple direct calculations in the 3D case we see that (cf. (2.7))

(2.9) |G(x,2)| ~ k(@ — ) (20 — ) (k[x])"O+M/2 a5 |x| = o0

uniformly in x € Sy for some constant ¢, > 0 depending only on n. From these
asymptotics, it is an easy calculation to see that u|s, € L2(Sp) for o < 1 but not for
0 = 1 so that ulg, € Vo,1. This example explains why the boundary value problem is
not, in general, solvable in the case o > 1.
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3. The Dirichlet-to-Neumann map and variational formulation. We now
consider a variational formulation in weighted Sobolev spaces of the above boundary
value problem, which involves the Dirichlet-to-Neumann operator on the artificial
boundary I'y. As in [11] for ¢ = 0, there exist continuous trace operators

v Vy = HY?(To), vyt HY(Uo\Up) — HY?(To), h> 0.
Moreover, if ug € C§°(To) and u is given by (2.5), then
Ju

= Ty,
0xy, 1T T+

where the Dirichlet-to-Neumann map 7' is given by the pseudodifferential operator

(3.1) To(z) := FH(&)Fu(€), t(€) := /€2 — k2.

Note that the symbol ¢ of T is not smooth, which makes the study of (3.1) in weighted
Sobolev spaces more complicated than in the case ¢ = 0 (which was treated in [11]).
The following commutator estimate is crucial for our analysis, and its proof is carried
out in section 6.

THEOREM 3.1. Consider the commutator

(3.2) C:=T — (a® 4+ 22)9°T(a® + 2*)~¢/%.

with parameter a > 0. Then, for ka > 1 and |g| < 1, the norm of C on L*(R"71) is
bounded by c(0)\/k/a.

Here and in the following, ¢(o) denotes a positive constant which depends only
on . We remark (cf. the comments at the end of section 2) that the range |p| < 1 in
this theorem is optimal, i.e., this result does not hold for ¢ = £1. This follows in part
from the duality exhibited between positive and negative values of o in the proof of
Theorem 4.1 in section 6 below, which shows that the statement in this theorem holds
for o = —1 if and only if it holds for o = 1. Further, if the above theorem were to
hold for p = 1, then the proof of Theorem 4.1 below would extend to the case p =1,
which would contradict the example of a solution of the boundary value problem with
g € L2(D) but ug ¢ Vo1 at the end of section 2.

Sometimes the following weaker version of Theorem 3.1 is sufficient, the proof of
which is analogous but simpler.

LEMMA 3.2. For fited k > 0 and a = 1, the norm of (3.2) on L?(R"~1) is bounded
by some constant c(o) for |o| < 1.

The following lemma describes the continuity properties of 7.

LEMMA 3.3. (i) For any s € R, T :H*R" ') — H*"1(R""1) is bounded.

(ii) For|o| <1,0<s<1, T:H;R" ') — H; '(R"") is bounded.

Proof. (i) follows by taking the Fourier transform and using the estimate |¢t(£)] <
c(14 €2)Y/2 on R™1; see also [11]. To prove (ii) for ¢ # 0, we apply the commutator
estimate of Lemma 3.2 to get the continuity

Ci=1+2%)"9 T —T(1+2%)"¢%  L*R"') = LZR"),

and by the continuous imbeddings H, C LE) C Hgfl, the operator C : Hs(R" 1) —
H;~'(R™1) is bounded. Moreover, by (i), (1 + x?)=e2T . H5(R" 1) — H; '(R™1)
is bounded so that T'(1+x2)~¢/2 - is bounded there, too. This implies the result. |
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To state the variational formulation of (BVP), we use the notation

(u,v) ::/ uv dx
So

and define the continuous sesquilinear form B : V, x V_, — C by

(3.3) B(u,v) := (Vu, Vo) — k*(u,v) +/F v-0 Ty_uds(x).

Note that this sesquilinear form is well defined and continuous on V, x V_, for |g| < 1
as a consequence of Lemma 3.3 with s = 1/2.
The variational formulation (V). Given g € L2(So), |o| < 1, find u € V, such that

(3.4) B(u,v) = —(g,v) forallveV_,.

As in [11], the equivalence of (BVP) and (V) can be proved using the following
weighted version of Lemma 3.2 in that paper.

LEMMA 3.4. Let |g] < 1.

(i) If (2.5) holds with ug € H;/Z(l"o), then u € H}(Uo\Up) for every h > 0.

(i) Furthermore, we have (A + k*)u = 0 in Uy, y4+u = ug, and

/5T7+udx+k2/ uvdx — [ Vu-Vods=0 forallve C(D).
To Uo Uo

As in [11] (for o = 0), assertion (ii) is a consequence of (i). We will prove Lemma
3.4 (i) in section 6 by applying our commutator estimates. Following [11], Lemma 3.4
then implies Lemma 3.5.

LEMMA 3.5. If u is a solution of (BVP), then uls, satisfies (V). Conversely, let
w be a solution of (V). If we set u = w in Sy and define u in Uy to be the right-hand
side of (2.5) with ug = y_w, and extend the definition of g to D by setting g = 0 in
Up, then u is a solution of (BVP).

Remark 3.6. We note that the equivalence of (BVP) and (V) stated in Lemma
3.5 holds whenever (2.1) holds. In particular, the proof is not dependent on (2.2).
Further, we note that there is no requirement that I'y C Sp; it may be the case, for
example, that Sy is a bounded open set, which need not necessarily be connected. In
the case that Ty ¢ Sp, the action of the trace operator y_ on V,, in (3.3) should be
understood by extending the definition of the functions in V, by zero to the whole
of the strip Uy \ Uy from Sy, which is their initial domain of definition. This implies
that, for u € V,,, y_u =0 on Iy \ So.

4. Existence and uniqueness results in weighted spaces. We shall estab-
lish that (BVP) and the equivalent problem (V) are uniquely solvable by using the
result of [11, Thm. 4.1] in the nonweighted case and a perturbation argument based on
the commutator estimates. By Lemma 3.3 (ii), the form (3.3) generates a continuous
linear operator B, : V, — V*,, where V* is the dual of V_, (the space of continous
antilinear functionals on V_,) with respect to the scalar product (-,-) in L?(Sp).

THEOREM 4.1. Under the assumptions (2.1), (2.2), and |o| < 1, the operator
B, is invertible. In particular, (V) and hence (BVP) have a unique solution for all
g9 € L3(So)-

For o = 0, this was proved in [11, Thm. 4.1] using a Rellich identity and the
generalized Lax-Milgram theorem. Moreover, an explicit bound for the norm of B !
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in terms of k and |b| was given there (using wave number dependent Sobolev norms on
So and T'g; see Remark 4.2 below). A significant idea in the proof of this theorem for
the case p # 0 is the use of a perturbation argument, reducing the proof of invertibility
for ¢ # 0 to that for ¢ = 0. This idea has been used previously to study rough surface
scattering in 2D (n = 2) in weighted spaces of continuous functions via integral
equation methods in [2, 3]. A commutator result for boundary integral operators (cf.
Theorem 4.1) plays in [2] an important role, but the idea there is to prove that the
commutator is compact, or at least preserves Fredholmness, rather than to show the
stronger and more constructive result that the commutator is sufficiently small in
norm. (And it should be noted that the proof of properties of the commutator in [2]
is very much more straightforward than the proof of Theorem 3.1, not least because
the kernels of the boundary integral operators in [2] are absolutely integrable.) A
key ingredient in our commutator estimate, Theorem 3.1, is the parameter a in the
weight factor. We note that the idea of introducing such a parameter into commutator
estimates goes back at least to Shubin [36, Thm. 5.3], although we seem to be the
first to use this idea in an estimate of the commutator of a convolution operator with
multiplication by a weight function in the case when the convolution operator has a
nonsmooth symbol.

Proof for o # 0. Introduce equivalent norms |[ufzz = |l(a® 4+ 22)9/2u|| ;> with
parameter a > 0, and modify the norm (2.3) in V, correspondingly. We will choose
a > 0 sufficiently large, and set, for u € V,, ¢ € V_,,

v=(a®+ 2% ucVy, = (a®+22)"Ypclp.
Then we obtain from (3.3)
(4.1) B(u, ) = B(v,9) + K(v,¢),
where K = K + K5 with

Ki(v,0) = (V(a® 4+ 22)79%0,V(a? + 22)¢/%)) — (Vv, Vi)
(4.2) = (V(a% 4 22) 792 YV (a® + 22)?/?) + (Vo,(a® + 2%)9/2V (a® + 22)?/?)
+ (v(a® + 2292V (a? 4 22)79/2 V1)
and
_ 2 2\e/2 T (2 o 2\—0/2,, T _ 7
(4.3) Ka(v,v) /FO{(a +x%) %) T(a” + )"0 ¢TU} dx /FOwC’vdx

with C defined in (3.2). For (4.2) we obtain the estimate

2
o o
(0, )] < (U) loll ooy 1l 2o + (U) (1700 220y sy

2a 2a
(4.4) + (vl L2(s0) I V¥l 2(s0))
ol ol
< g max | 1 o | ollve 19 llve -

Note that

sup [V (a® + %)!¢/%|(a® + 2®)714/% < |g| /24,
So

and compare [15, sect. 4].
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Applying Theorem 3.1 to (4.3), we get

(4.5) [Ks(v, )| < c(o)VE/allv-vllL2wo) 7=l L2(ro) -

and since [|[v-v| p2(ry) < [[v-vllg1/2(ry) < cllvllvg, (4.4) and (4.5) then imply that the
norm of the operator Ky : Vo — V generated by the form K tends to zero as a — oo.
Finally, from (4.1), we have

(4.6) B, = (a® + 22)7¢%(By + Ko)(a® + %)%/ -

Since By is invertible, this operator is invertible provided that a is sufficiently
large. d

Remark 4.2. Introducing norms dependent on the wave number k and/or the
parameter a > 0, defined by

1/2
[ol gz (rg) = (/R _l(kg +§2)|FU|2d§> ;

1/2
e, = ([ (10 220 419 (@@ 4 a2)20) P) )

So
1/2
|9|L§(Sh) — (/ |(a2 +x2)9/2g|2 dX)
Sh

on HY/%(Ty), V,, and L%(Sy), respectively, we can obtain a bound of the norm || B,
of B,': V*, =V, in terms of k = k|b|, provided that the parameter a > 0 is chosen
sufficiently large. From (4.4) we see that

R A 3 [

i

and since (cf. [11])
lv=vll£2(rg) < k71/2|77U|H1/2(r0) <k 2ol

(4.5) implies that

Ko, n<jgwmwm.

Thus we have, for ka > 1 and |g| < 1,

oo, = (et (1452 )+ G2 Y ehwalitv < 921D oot

so that ||Ko|| < (lo| + ¢(0))/Vka. Taking the bound
IBo Il < 7= 1+ V2(k + 1)
from [11, Thm. 4.1] and using (4.6), we obtain the norm estimate

(4.7) 1B, < 2,
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provided that

1 _
IKColl < (Il + ¢(0))/Vka < 7 S 18511

1
2
which holds for a > 4v2(|o| + c(0))?/k. Since (V) written in operator form is the
equation Byu = g, where g € V*, is defined by g(v) = (g,v), v € V_,, this implies
that the solution u of (V) satisfies

(4.8) lulv, < 2’V|§|ng < 27k71|9|L§,(50)7

provided ka > max(1,4v2(|o| + c(0))?).
5. Applications.

5.1. Plane wave incidence, diffraction gratings, and other scattering
problems. As an application of Theorem 4.1, the problem of plane wave incidence
in the 2D case (n = 2) can be treated. That is, it can be shown, in appropriate
function spaces, that the scattering problem for plane wave incidence has exactly one
solution in 2D. (For a brief discussion of what goes wrong in the 3D case, see Remark
5.5 below, and see Remark 5.6 for details of 3D scattering problems which can be
tackled by Theorem 4.1.) The incident plane wave has the form

v (x) = exp(ik[sin@ 1 — cosd x5]),

where 0 is the angle of incidence, with || < 7/2. In this problem, we look for the
total field v = v5¢ 4+ v, v*¢ being the unknown scattered field, such that

(5.1) (A+E»H =0in D, v=0onT,

and v*®¢ satisfies an appropriate radiation condition.

This 2D rough surface scattering problem with plane wave incidence has been
treated before, by integral equation methods, in [17], where it is shown that there
exists exactly one solution v € C?(D) N C(D) such that v is bounded in S}, for every
h > 0, and v*¢ satisfies the radiation condition in the form (2.6) (the UPRC in [17]).
However, the proof in [17] is only for the case where 9D is the graph of a sufficiently
smooth (C11) function. (This, or at least a restriction to Lyapunov surfaces, is an
essential restriction due to the compactness arguments in the existence proofs in [17].)
In this section we will establish unique existence of solution for much more general
surfaces, with only the constraints (2.1) and (2.2) on 0D that we impose throughout
the paper.

To use the results of the previous section which are formulated in a Sobolev space
setting, including the results of Remark 4.2 which are formulated in terms of wave
number dependent norms, we will replace the assumption that v is bounded in S} by
an assumption that v|g, € V;>°, for all h > 0, where

Vi = {w € Vi, -1 ¢ |w|yee < o0}
In this definition the (wave number dependent) norm |w|V};>o on V;> is defined by

|wlvee = sup |wlsp|gismy,  Sp'i={x=(21,22) € Sp: Am < a1 < A(m + 1)},
meZ
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A > 0 is a parameter at our disposal, and |- |H1(5}{”) (cf. Remark 4.2) is a wave number
dependent norm on H 1(5}1”), equivalent to the usual norm, defined by

1/2
|’LU|H1(SZ1) = </m (k2|’LU|2 + |V’LU|2) dX) .

S

It is easy to see that V> is a Banach space and that the different choices of A > 0 in
the definition of | - |y« provide a family of equivalent norms on V;>.
In terms of V;>° our formulation of the plane wave scattering problem is as follows.
Plane wave scattering problem (PW). Given k > 0 and 0 € (—n/2,7/2), find
v € HL (D) N C?(D) such that v|s, € V2, for every h > 0,

Av+ kv =0 in D,

and such that v*¢ := v — v™ satisfies the UPRC (2.6).

Our main result in this subsection is the following, which is an immediate conse-
quence of Theorem 5.3 below.

THEOREM 5.1. The problem (PW) has exactly one solution. Moreover, for every
h > 0, there exists a constant Cp, > 0, depending only on k = k|b|, kh, and kA, such
that |U|Sh|V,‘f° < Cp.

An interesting application of this result is the much studied diffraction grating
case, where D is periodic in the horizontal direction with some period A > 0, i.e.,

(5.2) x = (x1,22) € D & (x1 + A, x9) € D.

The standard formulation of the problem of plane wave scattering in the diffraction
grating case is the following (e.g., [20, 22]). In this formulation the function space V,* ,6
denotes the set of functions in H _(S)) that vanish on D and are quasiperiodic in
the xq-direction with the same period and phase shift as the incident wave; more
precisely,

VP = fw e V&t w((x1 + A, 1)) = w(x) exp(ikAsinf), x € Sy}
Note that, for w € V;#?  the norm |w|vee simplifies to
|w|vh°c = |w|52|H1(Sg) .

Diffraction grating plane wave scattering problem (DGPW) (e.g., [22]). Given
k> 0and 0 € (—7/2,7/2), find v € HL (D) N C?(D) such that v|s, € V& for
every h > 0,

Av+ kv =0 in D,
and such that v®¢ := v — v'" satisfies the Rayleigh expansion radiation condition, that
is,
(5.3) v¥e(x) = Z U, exp(tk[ama1 + Bmaa)), x € Uy,
meZ
where the wu,, are complex constants, a,, := sin@ + 27m/(kA), and

\/1_0‘12717 |O‘m|§15
ﬁm =

ivaz —1, |am| > 1.
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It is shown in [22] that (DGPW) has exactly one solution in the case that 9D is
the graph of an (A-periodic) Lipschitz function, by extending well-known arguments
(see, e.g., [27]), which apply in the case when 0D is the graph of a smooth function,
to the nonsmooth Lipschitz case. The following corollary of Theorem 5.1 extends that
result further to the much more general case, where 9D is required only to satisfy
(2.1), (2.2), and (5.2).

COROLLARY 5.2. Suppose that (5.2) holds. Then (DGPW) has exactly one solu-
tion, and this is the unique solution of (PW).

Proof. Suppose that v satisfies (DGPW). Then it is clear that v satisfies (PW),
provided we can show that v satisfying the Rayleigh expansion radiation condition
implies that v satisfies the UPRC (2.6). But this is shown in [8]. Conversely, suppose
that v satisfies (PW). Then

(5.4) v((z1 + A, x2)) = v(x) exp(ikAsind), x € D,

for otherwise w, defined by w(x) = v((z1 + A, x2)), is another, distinct solution of
(PW), which contradicts Theorem 5.1. Thus v satisfies (DGPW) provided that (5.3)
holds. But, in the case that (5.4) is satisfied, it is shown in [8] that (2.6) can be written
in the form (5.3).

Thus v satisfies (PW) if and only if v satisfies (DGPW), and the corollary follows
from Theorem 5.1. a

We will prove Theorem 5.1 by applications of Theorem 4.1 and the observations
in Remark 4.2. To apply these results, we introduce the function u € H, _(D)NC*(D),
related to the solution v of (PW) by the formula

(5.5)  u(x):=v"(x)x(z2) +0*(x) = v(x) + (x(22) - o™ (x), x€D,

where y € C*(R) is defined by

1, t <0,
t—|b
w(t) =4 cos? (TEZIDY gy < < oy,
20|
0, t > |b|.
Moreover, define gp € L>°(D) by
(5.6) gp(x) = (" (22) — 2ikcos0 X (22)) v (x), x € D,

so that (A+k?)u = gp in a distributional sense in D, suppgp C S_p, and gp € LZ(D)
for o < —1/2. Then Theorem 5.1 is an immediate consequence of the following result
whose proof is largely applications of Theorem 4.1.

THEOREM 5.3. Define gp € L>®(D) by (5.6). Then v satisfies (PW) if and only
if v and u are related by (5.5) and u satisfies the following boundary value problem:
given g € (—1,—1/2), find u € HL (D) such that u|s, € Vo, for every h >0,

(A+kHu=gp in D,

in a distributional sense, and u satisfies the radiation condition (2.5) with x, (= z2)
replaced by xo—b. Moreover, for every h > 0, there exists a constant 01/7 > 0, depending
only on k = k|b|, kh, and kA, such that |uls,|ve~ < C,.

Proof. 1t follows from the observations immediately above the theorem that if v
satisfies (PW), then u, defined by (5.5), satisfies the above boundary value problem.
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The only difficulty is to show the radiation condition. To see this we note that v*¢
satisfies the radiation condition (2.6), from which it follows (see [9] and cf. Remark
2.2) that v°¢ satisfies (2.6) with I'g replaced with I, for all ¢ > 0, in particular, with
¢ = —b. Since u = v*° in U,, it is immediate that v satisfies (2.6) with I'y replaced by
I'_p, which is equivalent (see Remark 2.2) to (2.5) with z3 replaced by z2 + b.

We next observe that it follows from Theorem 4.1 that the boundary value prob-
lem for u has exactly one solution (u satisfies exactly a boundary value problem of the
form of section 2 after vertical translation of the axes by a distance |b|). The theorem
is thus proved if we can show that this solution satisfies that u|g, € V;>°, for every
h > 0, and the bound |uls, v < Cp,.

To see this we make the following construction. Given h > 0, set h := max(|b|, h)
and, for j € Z, define D;, g; € L°(D,,) and u; € H} (D;) by

Dj = {(z1+jA, z2 — h):x = (x1,22) € D},

95(%) = gp((@1 — A2 + 1)), wy(x) = ul(er — jA, w2+ B), x€D;.

Then u; satisfies (BVP), with D replaced by D; and g replaced by g; in (BVP).
(Since u satisfies (2.5) with xo replaced by z2 — b, it follows in the first instance that
uj satisfies (2.5) with a9 replaced with xo —b— h, but this implies that (2.5) holds as
written, by Remark 2.2.) Thus Theorem 4.1 and Remark 4.2 apply for o € (—1,—1/2).
In particular, choosing ka sufficiently large (by Remark 4.2, how large is sufficient
depends on only the values of k and p), it follows from (4.8) that, for some constant
¢x > 0 depending only on & := k(|b| + &) and o, |“j|Vg < c,{k*1|gj|L§(501j), for j € Z,
where Sp ; and VQj denote Sy and Vj,, respectively, in the case D = D;. Since, for some
constant ¢ > 0 depending only on g,

l9j122(50.,) < </
So

we see that

1/2
(a® + 27)° dX) 1951l Lo (50.5) < lbY?a®™ 2l gp| s ,) ,

¥

lujlyy < cilbl ™1 2ae12, j ez,

for some constant ¢, depending only on & and p. Careful calculations yield that, again
for some constant ¢ > 0 depending only on ¢ and where S§ ; denotes Sf in the case
D =D;j,

lujlsg lmi(sg ) < ela® + A% "yl j € Z.
Thus
lel/2
luls, lvee < luls;lve = j‘égluj|sg,j|H1(sg,j) <l (1+ A4%/a®) 77 (ka)'/?,

where ¢/ > 0 depends only on % and . Now this bound holds for all ka sufficiently
large, but how large is sufficient depends only on & and p. Thus, choosing such a suffi-
ciently large ka and choosing, say, p = —3/4, we see that the theorem is proved. d

Remark 5.4. Theorem 5.3 explains how, in the 2D case, (PW) is equivalent to

an instance of (BVP). This enables us to prove solvability of (PW) via the refor-
mulation of (BVP) in variational form as (V). This is convenient for the purpose
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of proving Theorem 5.1 above, but, as a starting point for numerical computation
(cf. section 5.2 below), we would choose rather to reformulate (PW) directly in vari-
ational form. Arguing analogously to the proof of Lemma 3.5, in particular, using
Lemma 3.4 which applies to v*¢, we can show that v satisfies (PW) if and only if, for
some ¢ € (—1,—1/2), v|g, satisfies the following variational problem: find v € V, such
that

(5.7) B(u,w) = G(w) forallweV_,,

where G € V*, is defined by

(5.8) G(w) :/ Y_W <8v +T"/vi”) ds(z), weV_,.
To 83}2

The restriction to the range o < —1/2 arises since v'™ € V, for ¢ < —1/2 but not for
0 = 1/2. Having solved this variational problem to determine vl|s,, v is determined
throughout D through (2.6) satisfied by v*¢. Of course, this variational formulation
is well-posed by Theorem 4.1.

Remark 5.5. The above results show that the problem of plane wave incidence is
well-posed in the 2D case. In the 3D case, it seems to us likely that a solution to the
problem of plane wave incidence does not exist for every choice of domain D satisfying
(2.1) and (2.2). Certainly the methods of argument above do not extend to the 3D
case, for, in the 3D case, gp in Theorem 5.3 is in LZ(D) only for p < —1 and G given
by (5.8) is in V*, only for ¢ < —1, so that Theorem 4.1 does not apply. Further, even
the formulation of the 3D plane wave problem appears problematic in 3D. Precisely,
just as the radiation condition (2.5) does not extend to a bounded linear functional
on H;/Q (To) for p < —1, it does not extend to a bounded linear functional on L>(T'y)
(which would require that the integral in (2.6) be absolutely convergent for every
ug € L>(I'g), which is true in 2D but not in 3D, as a consequence of the asymptotics
(2.9)). Thus it is difficult to envisage that the radiation condition (2.5) or (2.6) can
hold in general in the case of 3D plane wave incidence.

Remark 5.6. In the 3D case, the above approach does apply to prove unique
existence of solution in weighted spaces in the cases of incoming spherical or cylindrical
waves. That is, it applies to the cases, respectively, where
(5.9) V" (x) = B(x,2) = L exp(iklx — 7))

 An |x — 7]

, xR\ {z},

for some z € D, and

(5.10) v (x) = HY <k\/x%+H2> , xeR3\ Xy,

for some H € R such that ¥, := {(0, 22, H) : 2 € R} C D. This second case is the
case of an incident cylindrical wave generated by a line source occupying the line ¥,
which, without loss of generality, we choose to lie in the plane 21 = 0. The problem
in each case is to find the unknown scattered field v*¢ and the total field v = v*¢ +v™"
such that

(A+EH*=0inD, v=0onT,

and v*®¢ satisfies an appropriate radiation condition.
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One way to make use of Theorem 4.1 to study these scattering problems is to
formulate each scattering problem as an instance of (BVP) in section 2. To do this
we can adapt the construction already used around (2.8). Precisely, in the spherical
wave case, we choose € > 0 such that dist(z,dD) > € and replace v'" by 9" which
coincides with v™™ except within distance € of the source z, given by

. v(x),  x—z>e
~in — ink
(%) 44 pin r’ - <e,

r

where the constants A and B are chosen to ensure that 7" € C1(R?) (which is possible
provided that € is chosen sufficiently small, e.g., if ke < 1). Then " € H7 .(R?) with
(A + k%0 = gg, where gg(x) := Ak?, |x —z| < ¢, gs(x) := 0 otherwise. Similarly, in
the cylindrical wave case, we choose € > 0 such that dist(3z,dD) > ¢ and replace v'"
by ¥ which coincides with v™™ except within distance e of the source ¥, given by

j 2 Ay
in V"™ (x) 22+ (x3 — H)? > ¢,

7 (x) ::{ A+ BJy (k«/x% +’(x3—H)2), 22+ (23 — H)? <,

where the constants A and B are chosen to ensure that 0" € C'(R?). (Again this
is possible provided ¢ is chosen sufficiently small.) Then o € HZ2 _(R?) with (A +

loc
kE*)v™ = go, where go(x) := Ak?, /2% + (23 — H)? < €, gc(x) := 0 otherwise. We
observe that gg is compactly supported so that gg € Lg(D) for every p € R. Further,
it is an easy calculation to see that go € L2(D) for ¢ < —1/2 but not for p = —1/2.

Since v = ¥, except in neighborhoods of z or X7, which do not intersect 9D, so
that, in particular, v = ™ in a neighborhood of 9D, the substitution of v by ¢
does not change the scattered field v*¢. Further, since " € H7 (R?), the scattering
problem with this modified incident field can be formulated as an instance of (BVP).
Precisely, in the spherical wave case, we can formulate the scattering problem as
seeking the total field @ = 9" + v*¢ which satisfies (BVP) for some ¢ € (—1,1), with
g :=gs € L2(D) (and if suppg ¢ So, we need to replace x, by x, —a in (2.5) for
some a > 0 such that suppg C S,). Theorem 4.1 tells us that there is exactly one
solution to this boundary value problem and that this solution v satisfies 0|s, € Vi,
for every h > 0 and ¢ € (—1,1). In the cylindrical wave case, we seek the total field
o = 0" + v* which satisfies (BVP) for some ¢ € (—1,—1/2), with g := g¢ € L2(D)
(again, if supp g ¢ Sp, we need to replace z, by z, — a in (2.5) for some a > 0 such
that suppg C S,). Theorem 4.1 again tells us that there is exactly one solution and
that this solution ¢ satisfies ¥|g, € V3, for every h > 0 and ¢ € (—1,-1/2).

5.2. Analysis of a finite section method for the variational formulation.
An obvious approach to computing the solution to (BVP) numerically is to solve (V)
by a finite element method. This is a standard approach for the numerical treatment of
(DGPW) [20, 22], but in that case, the corresponding variational formulation, thanks
to the periodicity, reduces to one on SJ, a single period of Sy. In the case of (V),
the region of integration is the whole infinite region Sy. Thus a necessary first step
toward solving (V) numerically is to approximate (V) by a variational formulation on
a domain of finite size to which standard FEMs can then be applied.

We are not aware of any analysis of such an approximation for (V) or any similar
variational formulations for rough surface scattering problems. However, the analo-
gous approximation when boundary integral equation methods are applied to (BVP),
namely, truncation of the region of integration, which is the infinite boundary 0D,
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to a finite part of that boundary (a so-called finite section approximation) has been
analyzed in both the 2D case [29] (and see [30, 23]) and, very recently, in the much
more difficult 3D case [24]. In [29, 24], convergence and stability of modifications of
the finite section method are proved. In the theses [30, 25] (cf. [16]), for the easier 2D
case, convergence rates are also established via results on stability and convergence
of the finite section method in weighted spaces of continuous functions.

In this section we prove stability and convergence of an approximation method in
the same spirit for (V). This approximation method consists simply of replacing Sy
by a finite region S C Sy which coincides with Sy in the region |z| < R + 1 and of
making the same approximation for D so that D is replaced by DU ¢ D with S() =
DU\ Uy. The only constraint on the choice of SU is that (2.1) and (2.2) should
apply to DUD; this is the case, for example, for the simple explicit choice S := {x=
(z,z,) € Sp: x| < R+ 1}. In addition to proving stability and convergence, we also
establish rates of convergence for the error measured in weighted spaces. In the case
when g, the source of the acoustic waves, is compactly supported, these results imply
that, locally in the energy norm, the error converges at a rate O(R¢~2) for every € > 0.
This convergence rate is consistent with those obtained previously by methods specific
to the 2D case for boundary integral equation formulations [30, 16, 23]. For example,
the results in [30], in the case when the boundary T is the graph of a function which
is sufficiently smooth, imply a convergence rate R~2 locally in the uniform norm for
the solution of a boundary integral formulation when the source of the acoustic waves
is compactly supported and the finite section that is taken coincides with I" inside a
ball of radius R.

Given g € L2(So), with o] < 1, let u € V, be the unique solution of the variational
problem (V) so that

(5.11) B(u,v) = —(g,v) forallveV_,.

For R > 0, we approximate problem (5.11) by a corresponding variational equation
on the bounded domain S, For p € R and R > 0, let VQ(R) denote the Hilbert space

V, in the case that we replace D by D) explicitly VQ(R) denotes the completion of
{ulgm 1 u € Cg° (DU)Y in the norm
0

1/2
(5.12)  ullym = (/(R) <|(1 —|—a:2)9/2u|2 +|v((1 +x2)9/2u)|2) dx) .
e SO

We remark, as is easily seen from Lemma 2.1, that the norms [ - ||, ¢ € R, are
e

equivalent since S’éR) is bounded so that, as linear spaces, for g € R, VQ(R) =VH =
VO(R). The approximating variational problem is the following: find u® € V() such
that

(5.13) B () ) = —(g,v) forallve VW,

Here B is the continuous sesquilinear form on V) x V() defined by (3.3) with
D replaced by DU i.e., defined by

(5.14) BB (y,v) := / (Vu - Vo — k*uv) dx + / v-0 Ty_uds(x),

where I‘((JR) = S(SR) NTo (see Remark 3.6 for the interpretation of y_ in this case).
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Making the observation that we can view VQ(R) as a closed subspace of V, (the

elements of VQ(R) become elements of V, if we extend them by zero from SéR) to
Sp), the analysis of the error in approximating u by u(® follows the usual pattern
for analyzing the Galerkin method for variational problems via a generalized Céa’s
lemma. Precisely, if @ € V() C V,, then, for v € V) applying (5.11),

B (@, v) = B(ii,v) = B(ii — u,v) — (g,v).
Subtracting this equation from (5.13), we see that
(5.15) B (4 —u v) = B(ii — u,v) for allve VU,

Now recall from section 4 that B, : V, — V*, is our notation for the bounded linear

operator induced by the continuous sesquilinear form B. Similarly, let BéR) : VQ(R) —
"

-0
BE)R) is just B, in the case that D is replaced by DU From Theorem 4.1 it is clear
that BéR) is invertible for every R > 0 and ¢ € (—1,1). From Remark 4.2 it is clear,

moreover, that H(BE)R))_lH is bounded uniformly for R > 0, with a bound which
depends only on |b], k, and g. Thus, from (5.15), it follows that, for g1 € (—1,1),

denote the operator induced by the sesquilinear form B(?): in other words,

i = w Pl < clla — uly,,.

where the constant ¢ > 0, which depends only on |b, k, and g1, is an upper bound
R)\_
for [|Bou | supp [[(B5”) 7. Thus

(5.16) Ju—u™ |y, < (1+¢) inf 1@ —ullv,, -

aevy

To obtain a more concrete error estimate, choose a cutoff function yr €
Cs°(R™~1) such that, for all R > 0,

xr(z) :=1for|z| <R, xgr(z):=0for|z|>R+1, sup{|xrl+|Vxr|}<a
Rnfl

for some constant ¢; > 0 independent of R. Defining @ € Vg(lR) by (x) = u(x)xr(),
x € Sp, we see by using Lemma 2.1 that, for —1 < g; < g, where Sft := {x € S :
|x] > R} and c2, c3, and ¢4 denote further constants dependent only on g and |b|,

1@ —ullv,, = (1 = xr)ullv,

1/2
<y (/ (1+ x2)91 (|u|2 + |Vu|2) dX)
5&

1/2
<cgR%™€ (/ (L4 2%)° (Ju]* + [Vul?) dx)
S5
S Cq Rg1—g ||U||VQ .
We see that we have proved the following theorem.

THEOREM 5.7. Suppose g € L2(So) with |o| < 1, and let u € V, be the unique
solution of the variational problem (V). Choose, for R > 0, approzimating domains
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DW) < D which satisfy (2.1) and (2.2) and are such that S C Sy is bounded and
S 5 Qp = {x €8y :|z| < R+ 1}. Then the approzimating variational problem
(5.11) on the finite region SV has exactly one solution u™) for every R > 0. Further,
for some constant ¢ > 0 dependent only on k, o, 01, and |b|, it holds for —1 < g1 < o
that

l = u |y < e RO ully,

As a consequence, for every Ry > 0, it holds that ||u — U(R)HHI(QRl) = O(R*79) as
R — oo. In particular, if g € LZ(SO) for every o < 1, which holds, for example, if g
is compactly supported, then, for every e >0 and Ry > 0,

||u— U(R)”Hl(QRl) =0O(R?) as R— 0.

6. Commutator estimates. This section is devoted to the proofs of Theorem
3.1 and Lemma 3.4 (i). Let £ > 0, a > 0, and consider the pseudodifferential operator
T, on R™ m:=n—1=1,2, with symbol ¢,(§):

(6.1) Tou(z) = F Mo ()Fu(f), to(€) :=a '\/€2 — k2a2.

Here and in the following the square root is chosen so that its argument lies in
[_71-/2) 0]

(6.2) ta(§) = (—i/a)Vk?a® — &, [§| < ka; ta(§) = (1/a)V & — k2a?, [§] > ka.

We have Ty =T, t1 = t, where T and t are defined in (3.1).
Using a scaling argument, we reduce the assertion of Theorem 3.1 to a corre-
sponding estimate for the commutator defined by

(6.3) Co:=T,—(1+ x2)9/2Ta(1 + x2)’9/2 .

With S,u(x) := u(ax), we obtain FS,u = a~™8;/,Fu, and the same relation holds
with F replaced by F~'. Hence

a"SoF T tFu = F~(S1/4t)S1 /e Fu = a™F~(S1/at)FSau,

giving SoTu = T, Squ, where T, is the operator (6.1) with the symbol ¢(§/a) = t,(§).
From (3.2) and (6.3), we then have

(6.4) S,C = T,Sq — (14 22)°?T, (1 + 2*)~9/2S, = C,S, .

Using the relation || S,ullp2@m) = a‘m/QHuHLz(Rm) and (6.4), we now observe that
Theorem 3.1 is equivalent to the following theorem.
THEOREM 6.1. For ka > 1 and |p| < 1, the commutator C, defined in (6.3) has

norm < c(0)\/k/a on L*(R™).
It is enough to consider ¢ € (0, 1) since the case of negative g then follows by
duality (with respect to the scalar product on L?(R™)). We split the symbol ¢, as

(6.5) to =t + 0 = x(1€]) ta(€) + (1 — x(I€]) ta(©),

where x is a suitable cutoff funtion (see below), and we consider the corresponding
decomposition of T,,

(6.6) T, =7 4 71
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where TU) is defined by (6.1) with () in place of t,. Then the commutator C, takes
the form

Co =00 4 CW = (TO — (14222270 (1 4 22)=2/2.)

6.7
(6.7) + (T(l) —(1+ $2)@/2T(1)(1 + xQ)—g/Q . ) .

We will estimate the norm of the operators

(6.8) N = (1+2%)792C : L2(R™) — L2(R™),
(6.9) Nu:=FNF 'u, N:L?*(R™)— H¢R"),
(6.10) T :=tM(€)-: HOR™) — Ho(R™).

In view of (6.7)-(6.10) and recalling that F' is an isometry of L2(R™) onto H2(R™)
for every ¢ € R, Theorem 6.1 then follows from Theorem 6.2.

THEOREM 6.2. (i) For o € (0,1], the norm of N is bounded by c(0)\/k/a.

(it) For o € [0,1), the norm of T is bounded by c(0)\/k/a, too.

We now choose the cutoff function x € C*°[0,00) with 0 < x <1 and

(6.11) x(r)=0 on |r—ka|<1/3, x(r)=1 on |r—ka|>2/3,
and such that, for some ¢ > 0 independent of ka > 1,

(6.12) |0.x(r)] <c on RY.

Note that (6.11) implies

(6.13) Ox(r)=0 on {lr—ka|<1/3}U{|lr—ka|>2/3}.

To prove Theorem 6.2, we need some auxiliary results.

LEMMA 6.3. For ka > 1, we have 0,0 (€)| < e\/k/a on R, where r = |€].

Proof. Setting h(r) := at,(&) = (r — ka)*?(r + ka)'/? for r > ka and h(r) =
iate(€) = (ka — r)Y?(r + ka)'/? for r < ka, we obtain

_ r/h, r > ka, 27 _ 1.2 .2/73
arh_{—r/h, 0<r< ka, Oih = —k*a*/h>, r#ka,

which implies that 97k (j = 1,2) do not change sign on (0, ka) and (ka, o). Therefore,
the maximum of h on 1/3 < |r—ka| < 2/3 is attained at r = ka—2/3 or r = ka+2/3,
while the maximum of |9,h| on |r — ka| > 1/3 is attained at r = ka — 1/3 or r =
ka+1/3, and both maxima are bounded from above by ¢V ka. Together with (6.11)—

(6.13), this easily implies the result. O
To prove Theorem 6.2 (i), we write (cf. (6.7)—(6.9))

(6.14) NFu(¢) = - be(& =) (10 (n) = tO(€) Fu(n)dn, we CR™),
with b, := F(1422)7¢/2. Here the integral in (6.14) is well defined since Fu is rapidly
decreasing and b, € L'(R™) for ¢ > 0 (see the next lemma), and we have used the
relation F(1 + 2%)7%/20 = b, * Fv for a function v of rapid decay, with * denoting
convolution.

LEMMA 6.4. For any ¢ > 0, the functions b, and || Vb, are rapidly decreasing
as |€] = oo and belong to L*(R™).
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For the proof of this, we refer to [32, Chap. 8.1]; see also [37, Chap. 5.3].
Proof of Theorem 6.2 (i). From (6.14) and Lemma 6.3,

19 Fulaany < | [ Ihle = i = ol sup 0,40 Putol

evk/a [ 1€lbellr@m) [1FullL2@m)

using the mean value theorem and Young’s inequality. Moreover, since

(6.15

L2(R™)

VeNFu(©) = [ (t00) = t0(©) Veba(e —n) Fula)dn
4 [ bl =) (~Tet®(€) Fula .

we obtain analogously

(6.16) ||VNFUHL2(Rm) < c\/k/a (H |§|Vb9||L1(Rm) + ||b9||L1(Rm)) ”FUHL2(RM) .

Together with Lemma 6.4, (6.15) and (6.16) imply that, for any ¢ € (0, 1], the opera-
tors N : L2(R™) — L2(R™) and N : L2(R™) — H'(R™) have norm < ¢(p)+/k/a. By
interpolation, we then get the result. d

Proof of Theorem 6.2 (ii). We have to show that the multiplication operator

(6.17) Tv = (1 — x(|&])) a=* /€2 — k2a2 v : HC(R™) — He(R™), 0<o<1,

has norm < ¢(g)v/k/a. Note that the support of 1 — x is contained in the set R :=
{|r — ka| < 2/3}, r = [£|; see (6.11). By localization, (6.17) can be reduced to an
estimate of the form

(6.18) lgvll ey < c(e)vV/k/a vl me@n), 0<o<T1,

where

(6.19) 9(€) = 07" V/m (&n + 2ka)'/? (&)

with ¢ € C5°(—2/3,2/3) fixed and /&,, = —il&,|'/? for &, < 0. This reduction is
clear for m = 1, where we have to localize near &, = ka and & = —ka. For m = 2,

we parametrize the annulus R by & := r — ka and arclength & on |[¢| = r = ka and
need two local charts again to cover R. Note that the Jacobians of the corresponding
coordinate transformations (with respect to the original £-coordinates) are uniformly
bounded from above and below for ka > 1. We omit the details since we present an
alternative approach in the 3D case below.

To prove (6.18), we first observe that the operator of multiplication by ¢ :=
a"Y(&m + 2ka)'/? ¢ has norm

sup|q1| < evk/a and < suplq|+sup|Onqi] < ck/a
R R R
in L?(R™) and H*(R™), respectively. Note that ka > 1 implies 1/a < k and

“Hem + 2ka)71/2 [1] < cail/\/% <cvk/a.
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By interpolation, the norm of this multiplication operator in H¢(R™) is then bounded
by ¢(0)\/k/a. It remains to show that

(6.20) 1V E&m ¢(&m) vllme@m) < c(0) vllme@my, 0<e<1,

where ¢ is a smooth function with somewhat larger support and @i = .

Let first m = 1. Then (6.20) follows for o € (1/2,1) since /&1 ¢ € H2(R) for
0 <1 (but not for p = 1) and H?(R) is a Banach algebra. Since (6.20) is obvious for
0 = 0, we obtain the result by interpolation. Note that the constant ¢(g) blows up as
o— 1.

For m = 2, the proof of (6.20) can easily be reduced to the case m = 1 by using
the relation (cf. [28, Chap. 1])

HO(R?) = L(R; HY(R)) N HY(R; L*(R))

and the fact that the function (6.19) is independent of &;. O

Remark 6.5. An alternative proof of Theorem 6.2 (ii) for m = 2 can be given by
the following more direct reduction to the case m = 1. Let (r, 8) be polar coordinates in
R?, and consider a multiplication operator M := ¢- on H¢(R?), ¢ € (0, 1], with a con-
tinuous function g = ¢(r) depending only on the radial variable, suppq C [1/3,2/3],
and such that ¢- considered as a multiplication operator on H¢(R) is bounded with
norm ||q - ||,- Then the norm of M on H?(R?) is bounded by a positive constant
¢(o). Applying this to the operator T defined in (6.17) and using Theorem 6.2 (ii) for
m =1, we get the result for m = 2.

To prove the above norm estimate for M, we first note that L?(R?) is the orthog-
onal sum of the subspaces

H;={ve L*(R?) : v = f(r) exp(ijh), /000 lf(r)Prdr <oo}, jELZ,

and the Fourier transform leaves each space H; invariant; see [38, Chap. 4.1]. There-
fore, it is sufficient to verify that

(6.21) laf exp(ijd)| mewz) < c(o) | f exp(ii0)|l mer2)
for each j € Z and f € C§°(0, c0). Furthermore, we have, uniformly in 7,

lqf exp(ijO)|| 22y ~ 7 %af | L2y »

llaf exp(ij0)|| vy ~ llaf exp(ij0)|| L2 (r2)
+ ||0rq f exp(ij0)|| r2re) + [lafr™" 09 exp(ij6) | L2 (r2)
~ P 2qf ey + (L+ D 1177 20 f |l 2y,
and thus, by interpolation,
(6.22)  laf exp(ijf)|l merey ~ 7 2af | ey + (L + 7)€ 72 q f|| 2Ry -

where ~ means equivalence of norms. Here we used a standard interpolation of Sobolev
norms and the interpolation theorem for weighted L? spaces (see [40, Chap. 1.18.5]).
Now (6.22) and the boundedness of ¢- on H2(R) imply the estimates

laf exp(i6) e w2y < c(o) {llar'> fllameqs) + (1 + D lar*/> =2 flloe |

< co) max(llq - 1o, suplal) {7/ Flsroqey + L+ 17D? I/ Fl 2y |

< (o) max(|lq - llo, sup|ql) [|f exp(ig®) |l me(r2),
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giving (6.21).

Remark 6.6. (i) Repeating the above proofs with a fixed cutoff function x van-
ishing in a neighborhood of |¢] = k, we obtain the norm estimate of Lemma 3.2 for
the commutator T — (1 + x2)¢/2T(1 + x2)~¢/2.. Here we need not take care of the
dependence of the constants on a and k.

(ii) Note that the symbol t(©) = xt of the pseudodifferential operator T(©) =
F~1tO) F is a smooth function satisfying |to| < ¢(14£2)%/2 and |Vtg| < ¢ on R™, and
this is enough to obtain the boundedness of the commutators 7)) — (14-22)¢/27() (1+
x2)79/2. |o| <1, on L?(R™); see the estimates (6.15) and (6.16).

Applying this to the operator A := F~(1 + 52)1/2F which is an isomorphism
of H'(R™) onto L*(R™), we observe that A is also an isomorphism of H}(R™) onto
LZ2(R™) and that F is an isomorphism of Hj(R™) onto H{(R™), at least for [o| < 1.
This is also true for arbitrary o € R; see [34] and [41].

(iii) Let o(§) be a smooth symbol satisfying the estimates |o| < ¢, |Veo| <
c(1 4 €2)~/2 on R™. Then, for A:= F~'oF and |g| < 1, the commutator

A—(1+2%)2A01 + 22)79% . L2(R™) — HY(R™)
is bounded. This follows from (ii) applied to the operator B = AA with the symbol
(14 €2)20(¢) and the relation
AT'B—(1-2®)PA ' B(1+2%) % = AT (B (1+2%)*B(1+2%) %)
+ (AT = 2?)PAT A+ 2T ) A+ 2% P B+ 2?) TR

Note that B is bounded on L2(R™).

More general results on pseudodifferential operators with smooth symbols in
weighted Sobolev spaces can be found in [34] and [41].

Finally, we proceed to the proof of Lemma 3.4.
Proof of Lemma 3.4 (i). From (2.5) we have, for ug € C§°(T'),

u(z, z,) = Flexp(—xnt(€))Fug =: Moug, t(€) := /€2 — k2,
(6.24) Vou(z, z,) = Flig exp(—znt(€))Fug =: Miug = Vi Moug ,
Onu(z, ) = F7H(=t(€)) exp(—xnt(€))Fug =: Moug = —T Mouy .

(6.23)

We have to prove the estimates, for |o| < 1 and h > 0,
lull zrzworgy < ehs 0)lluoll vz y s wo € C5° (To)
e e ( 0)
or equivalently, with m =n — 1,
h 2
©25) [ [ (@4at) Y IMyuof dudan < clh ) [0+ 2 ol sy
0o Jrm =0

This was proved in [11] for ¢ = 0 by taking the Fourier transform. To verify (6.25) for
o # 0, it is then sufficient to show that the commutators

M; — (1+2%)92M;(1 +22)72., j=0,1,2,

are uniformly bounded on L?*(R™) with respect to z,, € (0,h); compare the proof of
Lemma 3.3 (ii). We can write (cf. relation (6.23))

AMy — (142?22 AMy(1 + 2?) 9% = A(My — (1 + )92 Mo(1 + 2%)7¢/2 )

6.26
(6.26) + (A= Q1 +a2?)22AL +2?) 792 ) (1 + 2222 Mp(1 + 2?)~2/2.,
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where A is one of the operators 9; = 9/0x;, 1 < j < m, and T'. Therefore, it is enough
to prove the uniform boundedness of

(6.27) My : L2(R™) — L2(R™), o <1,

(6.28) My — (1 +22)92Mo(1 + 2292 . L2R™) — H'(R™)

since 9;,T : HY(R™) — L?(R™) are bounded and the commutators 9; — (1 +
22)2/29;(1 4 2%)7¢/2. are obviously bounded on L?(R™), while the commutator
T — (14 22)¢/2T(1 + 22)~¢/2. is bounded there by Lemma 3.2.

By taking the Fourier transform, the uniform boundedness of (6.27) is equivalent
to the estimates

(6.29) [[m(xn, &) v]|gemm) < c(h, o)V Hemmy, v € CGTR™), x, € (0,h),

where m(x,,, &) = exp(—z,t(£)). Consider a decomposition ¢ = +(0) + (1) as in (6.5),
with a = 1, t© = xt, t() = (1 — x)t, and a cutoff function y vanishing near |¢| = k
so that t(9) is a smooth symbol. We introduce the multiplication operators M =
m(xn, &) = MOMO - MU = exp(—x,t9)(€))-, 2, € (0,h), and we check the
uniform boundedness of

(6.30) MO HOR™) 5 HY(R™), |o <1,

(6.31) MWD HOR™) — HOR™), o <1.

Since we have, for x,, € (0,h) and mq(x,, &) = exp(—z,t(0(€)),

(6.32)  |mo(xn, &) <c(h), |Vemo(zn, &) <c(h)1+€3)7Y2 on R™,

the norm of (6.30) is bounded by some constant c(h). To get a bound for (6.31), we
write

(6.33) exp(—z,t™M) Zx] —t(M)i /4!
7>0

and apply the proof of Theorem 6.2 (ii) to estimate the norm of (6.31) by
> hic(e) /5! = exp(he(o)) .-
7>0

This finishes the proof of (6.27).
To prove the uniform boundedness of (6.28), we write

Mo — (1+ x2)9/2M0(1 + 1,2)—9/2_ - MW (M(O) —(1+ xQ)Q/QM(O)(l + 1,2)—9/2 )

(6.34)
+ (M(l) —(1+ xQ)Q/QM(l)(l + 1,2)—9/2 . )(1 + xQ)Q/QM(O)(l + 1,2)—9/2,7

where M) = F~lexp(—z,tV)(¢))F, j = 0,1. By (6.32) and Remark 6.6 (iii), we
obtain the uniform boundedness of

M(O) _ (1 + x2)9/2M(0)(1 + x2)*9/2, : L2(Rm) N Hl(Rm).

Moreover, M) is obviously bounded on H L(R™) since its symbol is uniformly
bounded. In view of (6.30) and the isometry F : L2(R™) — He(R™), it is then
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sufficient to verify that the last commutator in (6.34) is uniformly bounded from
L?(R™) into H'(R™), and for this it is enough to show the uniform boundedness
(with respect to ) of

1 1 .12 m 1 m
(6.35) N =MD _T1:L2R™) - H)R™), o<1, z,€(0,h),

where I is the identity operator and the symbol of N is ny(z,,€)
exp(—z,tM (€)) — 1. Taking the Fourier transform and using Remark 6.6 (ii), (6.35)
is then equivalent to the uniform boundedness in x,, of

(6.36) ni(zp, &) HCR™) — HY(R™), ol <1.

Consider the multiplication operator NV = (1+£2)'/2n, (2, ¢)-. Then, using relation
(6.33), estimate (6.31) can be proved (in the same way) for A" in place of M);
recall that () has compact support. This easily implies (6.36), which finishes the
proof of (6.28). Thus Lemma 3.4 (i) is proven. O
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